TECHNICAL REPORT
34-72

¥ R B 5 B

APPROXIMATE DISTRIBUTION OF THE MAXIMUM OF C—1 x?-STATISTICS
(2x2) DERIVED FROM 2 xC CONTINGENCY TABLE

2XChElRrETBHC - I EDY? MEtE
(2X2) DERKRIED ST S H

NARIAKI SUGIURA, Se.D, %l pka
MASANORI OTAKE, A.B. ARMWIEK

ARBhCC

ATOMIC BOMB CASUALTY COMMISSION

SOTHIRAEM AR - REBEHELZA S

JAPANESE NATIONAL INSTITUTE OF HEALTH OF THE MINISTRY OF HEALTH AND WELFARE



TECHNICAL REPORT SERIES
X B ®m &5 B K

The ABCC Technical Reports provide the official bilingual statements required to meet
the needs of Japanese and American staff members, consultants, advisory groups, and
affiliated government and private organizations. The Technical Report Series is in no way

intended to supplant regular journal publication.

ABCC B Htd #1%, ABCC o HREMIRE, WM, HMHEBNZLZ S FCBs LURKOM
EHOR S Rk LT

AN A ks

FaEHEORRIETSLOOBRAE L, NARERETE-T,
O LEEFLIINDILOTIE S .




TECHNICAL REPORT
34-72

¥ & B & B

APPROXIMATE DISTRIBUTION OF THE MAXIMUM OF C—1 x?>-STATISTICS
(2 x2) DERIVED FROM 2 xC CONTINGENCY TABLE

IXCHEELPSETEIC—1BOY?2 HEE
(2X2)DBERAEOHFH MDD W

NARIAKI SUGIURA, Se.D. #Zilfif{E
MASANORI OTAKE, A.B. KRITIE{#

Ajcu;

ATOMIC BOMB CASUALTY COMMISSION
HIROSHIMA AND NAGASAKI, JAFAN

A Cooperative Research Agency of
U.S.A. NATIONAL ACADEMY OF SCIENCES — NATIONAL RESEARCH COUNCIL
and

JAPANESE NATIONAL INSTITUTE OF HEALTH OF THE MINISTRY OF HEALTH AND WELFARE

with Funds Provided by
U.5.A. ATOMIC ENERGY COMMISSION
U.S.A. NATIONAL CANCER INSTITUTE
U.5.A. NATIONAL HEART AND LUNG INSTITUTE
U.5.4. ENVIRONMENTAL PROTECTION AGENCY
JAPANESE NATIONAL INSTITUTE OF HEALTH

E B &% =¥ A E £ 8 =
LB b & UER

Ke[E 5 B — i iR & H ORI 4 [E ST B 7 L AT
& O B A T 3 TR A

HEE - DEGE, RESIFEMN, AECWR - 6 E %A
F[E R R & U H Ak E TR R AT
ORRIZE S



ACKNOWLEDGMENT
Cil

Thanks go to Dr. Toranosuke Ishimaru, ABCC for kindly providing the data in Table 3.
HIOEMEEBL TV AR VAABCCORATFZMB LIc#Es ET 5.

A paper based on this report was published in the following journal:
APRHECHE S CRLIETRROMRIZEEL ~.

Communications in Statistics 1:9-16, 1973



CONTENTS
B X

Foreword T 3L s snsmmosssonsas ssansapgssenmennassnas nasa ssnsnumentonnensessense S ASER S I
Summary sl N N O i e vl sooccnonoorrion
Introduction #Ooa

Approximate Distribution of the Maximum S il 0 A 4 AR

Numerical Examples and Application BB E TG i s s seresssm e
References B3R

Table 1: Approximate 5% points of T

2. Exact distribution of T
T @ exact 5710

3. Number of leukemia cases observed for the period 1 October 1950-30 September 1966
among Hiroshima male survivors for the extended LSS sample at ABCC aged 15-39 ATB
B AR QRO S BB OS O ML H TR 15— 398 0 # 12 5 T 1950410 1]
1HA519668E9 1300 2 T BB P ITBE S A PIIE e




Approved Ki¥

APPROXIMATE DISTRIBUTION OF THE MAXIMUM OF C —1

Technical Report £ $#E5FE 34-72

17 August 1972

X2 -STATISTICS

(2 x2) DERIVED FROM 2 xC CONTINGENCY TABLE

2XCHhERD

NARIAKI SUGIURA, Se.D. ( #2ilirk &

 J1; MASANORI OTAKE, A.B. ( k1TiE

54T H5C—1HEOY® HEE
(2X2)DRKREDHE

a2

- )

Depurtment of Mathematics, Faculty of Science, Hirashima University, Consuliant to ABCC ! and Department of Statistics, ABCC?

R ES R F R BCEE,

FOREWORD

Data in a medical survey often involve the presence
or absence of an attribute such as a specific
disease. Such an attribute is then related to one or
more factors to determine its association with
these factors. In this process, the data are frequently
grouped or classified into various rubrics.

An important step in the classification of data is
the determination of how the events or character-
istics should be grouped. Otake and Jablon
proposed a data reduction method which identifies
the point of maximum ¥? value where the total
range of data may be divided into two parts The
procedure involves the calculation of x? values for
the possible 2 X 2 that can be formed by a step-by-
step combination of columns. If the maximum
x? value is less than a predetermined value, it is
presumed that these groups are homogeneous
and may therefore be combined. If the maximum
x% wvalue is greater than or equal to a specific
value, this is taken as an indication that each group
is meaningful, statistically speaking.

The computation of the exact critical point of
Otake and Jablon is cumbersome to perform,
Therefore, Sugiura and Otake have proposed the
use of an approximate value. This approximation
when applied to leukemia data gave reasonable
results.
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SUMMARY

In a 2 X ¢ contingency table, let x> be the x*-
statistic for 2 X 2 table composed of 1st column vs
the sum of 2nd, 3rd, . . . and ¢ th column. Let
x> be the ¥2-statistic for 2 X 2 table composed of
Ist plus 2nd columns vs the sum of 3rd, 4th, . . . and
¢ th columns. Finally in this way xz_] can be
defined by the x?-statistic for 2 X 2 table composed
of the sum of the first c-1 columns vs ¢ th column.
In this paper, it is shown that the asymptotic
distribution of T = max [ x?, oy xi_l ] is expressed
in terms of the multivariate normal probability of
c-1 dimensional cube for large sample sizes. Ap-
proximately conservative critical point of T is
obtained in (2.14). Application to the procedure
by Otake and Jablon, where the columns are ordered
with respect to a numerical variable, for regrouping
a 2 X ¢ table proposed is stated in relation to
Leukemia data at ABCC.

INTRODUCTION

In a 2 X ¢ contingency table
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we shall define c-1 ¥%-statistics (2 X 2) in the
summary as

I'l3 {Xu —n, X-1 h’l}?'

Xi =
nln‘lx‘l (n_x‘i}
(1.2)

X
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n, 1'13{2]?;11 Xj} (I'l = Zf;l] XJ )

The purpose of this paper is to give an approximate
critical point for the distribution of T = max IX% LT
x2.,1, which was used in the first step of Otake and
Jablon’s procedure.! Since the exact distribution
of T is not tractable, an asymptotic distribution is
investigated for large number of observations n
under the following conditions:

(1.3) ny/n=p; >0,

i=1,2;

TH3. ZOBLOHEMIE, KTT& Jablon D Hk! &

MOBEETHOZHGERT =max (x2, <, X2 ,10%
MIZHT AEMUMEESLRD LI ETH L. HMATET
D exact FAilEn, ¢ AP EFVHEERVTRDIZLD
T, hhibfid

Xjfn=7j>0, j=1,2,'°°,c‘



It is given in Theorem 1 of Section 2. The
accuracy of the approximation is examined for
numerical examples in Section 3. Some conservative
critical point of T which is simpler, is obtained.

APPROXIMATE
MAXIMUM

DISTRIBUTION OF THE

Whether we have ¢ common binomial populations
or 2 common multinomial populations in (1.1), the
conditional probability of X,,, X,,, ***, X,..; for
given marginals n,, n, and X i = 12,2, is
expressed by

(2.1)  P(Xy; 1<i<celln, Xg)=

The conditional moments are given by

thE, nooonkE, TOWEFHERDEILESE
4. TOWGEMSMHIZEZHOERIIZARL T 5.
WIAMTIEZ 0WELEO KR A EES 2 B TRETE M
A, EhHHTMHEAEEIZ o0 T T O conservative A
#HEARDB SN S,

RXEOE:ES

SEE(LLIESVT, cHo HGHsEEATHE
FOOOEESE NS S EELTH, BEMPE VIR
oL e, BEREHEN, o, X, (i=1, 2, = ¢)
E—mloLrlE0X, X, v X OFREM ST

n, 'n, ! n!

e, (X! X0 i X

i
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THAILSNL., KOFEHHEEI RSN S,

B(Xy; Im, X) =0, X,/ n,
(2.2) E(Xyj (X5 =D In Xog)=n, (n, -DX;X;-1D/nn- 1),

E(X;; Xq5 10, Xg) =ny (n,-1) XX,/ n (n-1) (i#7).

Under the limiting condition (1.3), we can write
the means, variances and correlations for given
marginals as

(2.3) E(le | o, X-g}=p[7j n,

BIR(1.3)oseT, —EORBEHCIHT SE&HFT
oF, ok, AMGFEE

V(X 0y, Xog) = pypy7; (1=7) n+ 0 (1),

p (Xyp Xyx g, Xegd = =L yyme / (1= (1=1) 1772

Normalizing the statistic X.., we shall put

ij

ELTHbERS. 22T, MEEHX, &RELLT

24)  Y;=(Xy;—0py%) ] [010,7; A=y nl'2, i=1,2, 000, oL

Then Y = (Y,, ***, Y. ;) has zero mean vector and
covariance matrix T +0(n 1), where for Kronecker’s

8y

EEE Y=Y, = Y. ,) 3FH0, RIEATH
40 1'1_1}, = # L Kronecker @ lfij o1 Py

(2.5) Z= (Sij 7y (1“5”)['}(;75 { (1=7) (1_'}’5} ]“2},



Further we can prove the following:

Lemma 1. Under the limiting condition (1.3)
the statistic Y =(Y,, **+, Y, ;) has asymptoti-
cally normal distribution N(0, £) as n+oo |

Proof. By (2.4) and the Stirling’s formula, each
factorial in the exact probability (2.1) can be
evaluated as

EL D c— 1 REOHEEHIILE. YIZowTEs
KOFERAB L.

Lemma 1. #EJE(1.3 )08 & Tn—ond xi2h2
SNAHMERERY =(Y,, =, Y, ) EHEMIF
B0, H5EFHIS OFEMRS RIS

(AERA). (2.4 ) & Stirling @A ELIZEYD, exact
WEFE(2.1) o # R AL

logn!=log~/2m + (n+ %)Iogn—n+0(n’l),

log I'[j‘;l X.j!=clogv 2T +Ej°=] (n7j+%}logn'yj—n+0(n”l),

(2.6)

log(n, In,1)=21logy/ 27 +(n+1)logn — n+ ZZ, (np; + %}logpl +0 (!,

log H]?:l (leI ijl) =2clogy/ 2T —n+ EFI (n'yj + 1) log nY;

I &
+ZL) o+ ) log g+ — iz} (1-1) V]

+
2,

which yields

RV () )2 +0 (),

LLTEzoh, 2hafioT, ROEMEES.

log P(le, 1<j<clln, X ) =—(c-1)log/ 2m — %EJ‘?ﬂ log ny;

1 1 1 "
(2.7) s BN logn — = (c-1)logp,p, — = E}él; (I—'Yj)sz

2y

C

(L V=) Yp? +0 (i),

Noting that dX}j =[p,p, 7 (1—‘)/j) nl*% de and putting

THHILEERELT,

(2.8) A= (Sij (1=7;) + ['Yi')'j (1=7;) (1""]’]‘)] l'ﬁh'c}

with | A |= (H}"‘z'll A/ 1—')/J- Y/~ v, ,theleft-hand side of (2.7) can be written by

LB

TG,

(2.7 ) oMo Xi

(2.9) (277}_(':'1”2|A[1”5exp[—;—Y’ AY] dY + 0 (n— %),

It can easily be verified that A'l= X, which
completes the proof.

In order to derive the limiting distribution of T, we

shall put Z;, = % \xxiﬁ and §; = E}:

Then from (1.2), Z; = (i, X

i % for i=

1.2, *+*, od. e
pynd)/[p,p,8;(1-8;)n] % which can be regarded as
a linear transformation from (Y,, **+, Y_,)’
namely, (Z,, ***, Z,,) = B(Y,, ***, Y. ;)" where
B is given by

ELTEBEhE. A =3 T35 LHERI LD S.

TOBMAGEE L2z, = x? £ 6,=2_ v,
= Ly By vmyp e b bded by (L2 )05 2=

(20X, =P, 00,) / (P, 6,(1 =8, )n ) ¥, 15

Yov
vy Yo )V OBBERE L TERhTIENTES. T4

=

b5 (2, o Zo ) =B(Y,, -

£ g
+ Yr_l) E

BRDEIIZE B,



7, (1=7,)
83 {187

7. (1-7,) 0
6: (1—5:}

‘\/ Y. (I_T|)
(2.10) §, (1-8,)

\/Tz (1-7,) Y (1—7,)
5, (1-8,) 8, (1-8,)

v ()
ac-l(l_ac- l)

\/7: (1_72) Ys (1"'73) )
SC-I(I_SC—I) 6(:-1 (l_ac—l)

\/ 8118 cp)

By Lemma 1, we immediately obtain:

Theorem 1. Under the limiting condition (1.3),
the distribution of (Z,,**,Z. ;) is asymptotically
N (0, T ), where the covariance matrix £ = (E:ij)is

given by o5 (i < j) = [8;(1-8;)/6;(1-8)1% for
5i = E}=17]'

From Theorem 1, the limiting distribution of T is
expressed by

(2.11)

n—oa

Unfortunately the limiting distribution depends on
marginal frequencies X, and the approximate
critical point of T should be computed for each
given marginals. The following lemma due to
Sidak? releases this inconvenience.

Lemma 2. (Jidak) Let (X,, ***, X;) have normal

distribution N (0, Z£). Then for any covariance
matrix Z, the following inequality holds:

(2.12)

CEZ=(Z,,

lim B(T < t) = (2m)(c-1)/2 | £ | % f\/?
L

Lemma £ D kODERLE5.

FH1. Z=[x?eHEMR(1.3)DbeTrswbT
. Zo_, ) WFEH0, H5MFHZ=(5,)
DERAAIZMR). 2ELISjOLES (i2))=
(6,(1—6,)/6(1—8 )% & =2_y 215z

=

ZOEBEYDTORBSHRELT

1 =
exp[_z— Z'e=-LZ1dZ.

L

A ZOMBSMEIALERX  s5ATED, T
DI EMR S & R 3 ATV, &2 A
WITE 2 RITEIEH S MBIV TIE Sidak 2 12 & 2 KO
RHEZ 5.

Lemma 2. ( Sidak ) (X,, =, X,) & F#H0®k XL
SRS IMEREREHE T3 &5, ERiTHOVR
Az dd s FROALERAKD LD,

POIX, IS<x,, 0 | X < x) 2T POIX; < xy).



The above inequality means that the probability for
normal distribution in a rectangular region is
minimized when the components are independently
distributed. Denoting the distribution function of
N (0, 1) by ®(x), we can imply from Lemma 2,

(2.13) IimP(T=t)<1

n—oo

Putting the right-hand side of (2.13) = 0.05, we
have the approximately conservative 5% point of T,
which is given by

(2.14)

Where t (a) is the two-sided 100a% point of ®(x).
For ¢ = 2~ 7 the values are computed from Pearson
and Hartley.?

IOFRERIZOVTIRERG IS MT S L 51258
EHOkXRTERSHOEREI/RPIZELZZIEERLT
VAL ZhEY olx ) 2FEERGAOTHMEET 2
EE, mETHRIZoONT

—Qe G/ t)—1)1.

ThHENEDE0.05245L912t BEH L conserva-
tive £ 5 B aEAFEIEKR L TIZRkDANS. t (a)
A REHETE M AF O 100 @ % f kT 5 & 5 T Okl

5%

N
= 0.9550 2,

52603, e=2~T7 22T Pearson and Hartley
OFEILINZOMEROIERODEIIZES.

TABLE 1 APPROXIMATE 5% POINTS OF T
#1 ToUfy5 %

t 3.84 5.00

6.22 6.60 6.94

NUMERICAL EXAMPLES AND APPLICATION

We shall take the following 2 X 3 tables:

le X12 x;‘j 13
13 11 6 30
Case 1.
5 1

MAEH & A

KO_oMmeX3IFIZODVTRASILD.

e 16

x? 1 X?'K XZS ?000

5764 998 254 | 7016

Case 2.
151 2



Case 1. This contingency table in Yates® was used
in another problem by Sugiura and Otake.® For
given marginals the number of observable tables is
74, several of which give the same value of

T =max [¥x%,%2]. From (2.1) we can get:

il 1. Yates* @ Z @583 LIATR2HE & RIT° Ao R
HMTHWALOTHS., FOEHKE—EICLALLEE, T
e SEHEOABEITMTHELN, TOIEV2PDR
G AaGEENFA—OT=max(x2, x2)DEL52 3.
(2.1 ) EVexact zTEE*HFE T L IRk EXEES.

TABLE 2 EXACT DISTRIBUTION OF T

# 2 T exact 5740
t P(T =t) t P(T=1) t P(T=t)
30.0 0.835 X 1078 7.30 0.0130 1.66 0.429
224 0.185 X 10°° 6.27 0.0272 1.47 0.514
17.5 0.217 X 107 5.74 0.0457 1.03 0.632
15.9 0.110 X 1673 4.89 0.0805 0.305 0.806
11.9 0.782 X 1672 3.83 0.119 0.222 0.905
10.5 0.241 X 1072 3.10 0.181 0.136 1.000

9.81 0.524 X 1072 2.17 0.288

When ¢ = 3, Table 1 gives an approximate critical
point of T as 5.00. Table 2 gives the exact
probability of P (T = 5.00) = 0.0457, whereas the
better formula (2.11) gives P (T = 5.00) = 0.048,
based on the table for bivariate normal distribution.®

Case 2. Similarly the eaxct probability is given by
P (T = 5.00) =0.0306 and the formula (2.11) gives
P (T = 5.00) = 0.048. Hence our approximation
is reasonable.

Finally as an application of the distribution of T,
we shall consider the following 2 X 7 contingency
table given in Otake and Jablon:'

ce=3m&EHR1THEIEMMS %H125.00C0H 5. £2
E 0 exaet ATEHEIIP (T =5.00)=0.045747% 3. &L
EIEMO (2D 2 FELIEED B UGS R AT
HBHH, TRTEMARIMT 2E£EE > THETHIE
P(T =5.00)=0.048 % {5 5."

e, FEIZLT, 2 @exact ZHERIZP (T=5.00)=
0.0306 & H, —FH(211)oEMIFP (P =5.00)
0.048% 187/, LAad-T, :EMAMS %HEEMHE+
HAAHTHASI.

o

H&Iz, TORBSAOLIGHEA & LT, K17 & Jablon!
Ll THRERAERDZXTHEKBLYELZTAL .

TABLE 3 NUMBER OF LEUKEMIA CASES OBSERVED FOR THE PERIOD 1 OCTOBER 1950-
30 SEPTEMBER 1966 AMONG HIROSHIMA MALE SURVIVORS FOR THE EXTENDED LIFE
SPAN STUDY SAMPLE AT ABCC AGED 15-39 AT THE TIME OF THE A-BOMB

£3 BalEEAMREOD LIEEODOEIREFE CHEBREIS—39 0% 12510 T19504F
10H 1 046196649 300 £ o MR p o8 = 2 A ifiEs
Daose (rad) <5 5 20~ 50 v 1007 2007 300+ Total
Leukemia 2 0 3 2 9 2 5 16
Not Leukemia 4601 1161 477 271 243 98 149 7000
Total 4603 1161 480 273 245 100 154 7016




If the observed value of T = max [x?, x2, ==+, x2] is
less than a preassigned constant, we shall conclude
that classifying the data by dose is not necessary.
If not, we shall take 2 X 2 table giving the maximum
value. In this case T=x2 = 74.01. The next step in
this example is to do the same analysis for the first 5
columns regarding as a 2 X 5 table and for the 6th
column vs. 7th column regarding as a 2 X 2 table
separately. Again we may have additional spliting
of each column in the 2 X 2 table giving ¥2, or if
not, we shall conclude that only two dose-groups
separated at 200 rad are appropriate presentation
of the data. In this way we can reach final 2 X ¢
table (¢ << 7). This is the Otake and Jablon’s
procedure,! if we take 3.84 (critical point of
xz-distribution with one degree of freedom) as a
preassigned constant in all steps. Their procedure is
also applied to multiway contingency table and
decides an appropriate regrouping of the table.
Now we can propose to use the approximate
cirtical point of T in Table 1 instead of 3.84, which
motivated this investigation. Irrespective of the
critical value taken, their procedure for this example
gives the same 2 X 3 table (Case 2), in which first
group received radiation dose less than 20 rad, fhe
second group 20-199 rad and the third group
200 rad and over, as in Otake and Jablon.!

LUMET R T =max [(x2, xZ, -, xi) o ® KMEHH
LoTEDAEBELI Y b hE, BEXKSIZES S
HUELETZWEEEITS. s L2 Tadhig, &
KEixGzaLzaTRELT2X2KE2ES. Z0R
Tk, T=xi=T7401 H¥EXKEELEZ 5. ROBRELL
T, 2X2RELTHEENA—DIE2X5ETH AL
FItE 2 5 WO HOBE, —HOBEZX2KTH
AEEFAMBTH AL TEBEO HiEENAIZITLE-T
WL YRR ABCL-TELNEZ2ZXEHD
EFFESS G2 LHMETHLH, L LAOS
gAaATELwETRIE, 200 rad TES LA 20
BRI T OB LS MEERT A LRI T A,
INFFEEHEITSEREEMNIE2X e Ele=T) 124 4.
LELATb - TED A EMIBL(OHE LY 5 %)
AR IZHW A L RTT L Jablon HRY 2% A0 SRS
BoohEEEs s 2 RIEGELIEBL, X0l
FOELN L 7V - TREGERL TV A, ZOMENREL
LT, e RT3 hNIZEL 0T O3RN
S%BEOERERELAL, BEsLALZOMEMEIZ LS
TaALHN, ZoRBUIZEL TIRATTE Jablon ! L[ U
ZARIFZMHZ)E2R L. T4bh, RUIOITL-T14
20 rad RO S MR L Z AL TTHD, T2
Fh—F1E20—19 rad CBFT A5V —-FT, 30T
W— 712200 rad LA LD 70— 7T hH o 7.
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