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SUMMARY

Life table analysis techniques in epidemiology
depend upon the asymptotic properties of the
statistical test methods employed. In some
instances, the statistical procedures indicate
highly significant results which are, in reality,
unjustified. This phenomenon may oceur
when the asymptotic methods are applied in
sitnations where the cases of interest are few
in number. This situation is illustrated by the
20 multiple myeloma deaths observed in the
RERF Life Span Study cohort. A permutation
test is applied to the life table data, although the
test requires the false assumption that the
censoring distribution is independent of the
radiation dose. A simulation test is developed
which does not require equal censoring, which
has the same asymptotics as the usual test
methods, and which is less likely to overestimate
significance in small samples. It is found that
both of these small-sample tests provide reason-
able numerical solutions. In addition, the
simulation test is recommended in general for
analyzing life table data with unequal censoring.
Finally, by using the small-sample tests, the
frequency of death from multiple myeloma is
shown to be positively associated with radiation
dose (P<0.01).
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INTRODUCTION

In the course of life table analyses of epidemi-
clogic data, one may be confronted with a small
number of deaths from a relatively rare disease.
The problem to be faced is then one of deter-
mining the reliability of the statistical methods
of analysis used. The application of asymptotic
statistical tests to small-sample sitwations comes
into question. The unsuspecting investigator
may not be aware of the potential difficulty
in this particular situation. Sometimes it becomes
apparent when a calculated statistical significance
level runs contrary to the investigator’s commeon
sense. In this paper one such example will be
examined, recommending a small-sample approach
which, hopefully, will aid in reducing errors
caused by the misapplication of asymptotic
statistical methods to epidemiologic data.

MATERIALS AND METHCDS

Since 1950, ABCC/RERF has followed pro-
spectively over 100,000 atomic bomb survivors
of Hiroshima and Nagasaki.!' This cohort has
provided some of the best dose-response data for
the effects of ionizing radiation on humans. The
findings with regard to cancer have been partic-
ularly noteworthy. As the cohort ages and the
person-years at risk increase, the precision of
the risk estimates improves and new endpoints
often appear. One example is the recent appear-
ance of multiple myeloma. Currently, there
seems to be a sufficient number of these cases
to analyze vis-a-vis a possible association with
radiation dose.

Traditionaily, the RERF Life Span Study (LS38)
cohort has been divided into 20 subcohorts in
order to study the possible association of any
' piven disease with radiation dose. This subdivision
can be visualized as a four by five matrix where
four cityfsex and five age-at-the-time-of-the-
bomb {ATB) categories are used. Within each of
" these 20 subcohorts, a life table analysis can be
carried out and a trend test performed in order
to assess any possible radiation dose-response
relationships. The subcohorts can then be
combined statistically in order to give an overall
statistical assessment of a possible radiation
dose-response relationship.

RESULTS AND DISCUSSION

Qverestimation by Asymptotic Test

In Table 1, the number of deaths from muitiple
myeloma in each dose group within each
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subcohort is presented. The asymptotic log-rank
xf value (1 df) for trend in dose is given.? The
overall X} of 11.5 for trend in dose appears to
be highly significant, as do the values for some
of the individual subcohorts. Of particular
interest is the Hiroshima female aged 20-34
ATB subcohort, which gives a X} value of 26.5.
Although the group contained 8,887 subjects,
only two multiple myelomas were recorded,
making the significance level of the trend test
value suspect. In all probability, what is being
observed is a failure of large-sample theory in a
small-sample setting, resulting in an overvaluation
of the significance of the observed results. The
trend test used was based on the log-rank test of
Mantel®> and Cox.* A trend test based on the
modified Wilcoxon test of Gehan® and Breslow®
gave similar results, as did the log-rank and
modified Wilcoxon homogeneity tests for
equality in all eight dose groups.
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ZHAhdbsd, EREEHETIZHLIEESLT
57, MAREEOFELALEELLLOI
LTwa. £%, ZCTRSASTERE, ®HREFHN
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HEAROARE+BAFMy 288452
PEETEOTHS Y. EHLAMHEKREIL Mante?
BU Cox* xR EsmEIZIHTL. Gehan® B T*
Breslow® Mi51E Wilcoxon M5 (237 ¢ Mg+ Z b
L, 8RBT AT —HICMYT 38K
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TABLE 1 MULTIPLE MYELOMA DEATHS IN THE LSS COHORT, 19530-78

#F1 BaREMBERMP O EEGMHE I & 55, 1950785
Age ATB Hiroshima Nagasaki Poolze d
in Years Male Female Male Female X
0% - - - - -
10-19 0.10* - . - 0.10
group 0-1%*
20-34 - 26.5 3.05 - 22.8
group 2-1 group 5-1
group 7-1
3549 0.17 1.98 6.53 0.07 37
group 1-2 group 0-2 group (-1 group (-1
group 1-1 group 3-1 group 1-1
group 5-1 group 7-1 group 3-1
50+ - 0.26 - 0.02 0.22
group 0-1 group 2-1
group 1-2
Poolzed 0.26 132 9.6 0.09
X3 7.2 48 11.5

*Value of x? for log-rank trend test (1 df).
HUmRE AR (HEE 1)

**Omne multiple myeloma in exposure group 0. There are eight exposure groups
0: Orad, i: 19rad, 2: 1049rad, 3: 50-991ad, 4: 100-199 1ad, 5: 200-299 rad,
6: 300-399rad, 7: 400+ rad. The doses used for the trend tests were 0, 3.7, 21.8,
70.4,141.2,242.2,343.7, and 524 .7 rad.

OB TCLREETHANLIA. SHOFEEE, 0: Orad, 1:
3: 50~9 rad, 4: 100—199rad, 5: 200~ 299 rad, 6 :
H5. EmgEEALLSER0, 3.7, 21.8, 70.4, 141.2,
Thb.

1~9rad, 2: 10—49 rad,
300~ 399 pad, 7: 400 rad &
242.2, 3437, BU524.7 rad
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The data in Table 2, which led to the x? value of
26.5, suggest where the problem might lie. The
second multiple myeloma is observed in the last
dose group, which contains only a small fraction
(less than 1 %) of the subjects at risk at the time
of the tumor. To understand how such a large
¥* value might arise, consider only the second
tumor, and only the first and last dose groups.
The numbers at risk in these groups are 3,904
and 92, respectively, with a tumor observed in
the last dose group. In this simplified situation
there is no difference between trend and homo-
geneity tests, and none between the logrank
and modified Wilcoxon tests. They are all
computed by the formula

X} =(—-p)/pa

where p=92/3904 = 0.02 is the proportion of
subjects at risk in the last dose group, s=1 is
the number of tumors observed in that group,
and q=1-p. For this simplified problem,
xf =41.4, a value even greater than the x_ =26.5
value cited earlier.

X265 MO H20F— S IR MEN Y T CTFE
THPERETS. $2EB 0 L HERME TR
ERECHESs NS, TOHIEEEHROBREN
BEOLTHA—BA(1BLT) LAgThTREL.
COEIURERXIENEDLIICLTRALYE
BRTA551, F2HAOHMBOL, HTLCHEAD
GRBEUBRERROALERTS. ChoniE
BOBRMRFKIIEL 3 MUREVRTHY, BE
BRKEERRICHES A, TORML ZIRRLE
BT, AARE L SEEORENN, RUMH
BE L5 TE Wilcoxon BEMMIZZRIZ 4. £h5
4T

H

LUIARIILHTHEENS, ~2L p=92/3,904
=0.02t BREBEER IS TIHER SF O E,
s=113 2 DETHEEINAHEEMIETHY, a=1—p
ThHH. TORMLLAMEIENTE, xT =414
THN, AL LZXI=28.5 I E0EIR
Bl{%3.

TABLE 2 SUBJECTS AT RISK AT TIME OF MULTIPLE MYELOMA DEATH IN
THE LSS SUBCOHORT, HIRQOSHIMA FEMALES AGE 20-34 ATB, BY DOSE GROUP

%92 AHEAENLEAGOZHEEEFHE I L A2CHCST 3BRELRSE:
AR, EIRIRER0~3ME Ok, KB

Dose Group
Tumor Group™*
0 1 2 3 4 5 6 7
3972 2303 1636 475 250 97 59 95 2
3904 2270 1610 469 247 95 58 92 7

*The first tumor was in Dose Group 2 and the second tumor was in Dose Group 7.
F1HREoRGRARE 2T, B2 HFEOMBRBER T TREL L.

With regard to the xf =26.5 value, one might
elect to end the statistical analysis at this point
by ignoring it with the observation that large
sample results can greatly overestimate statistical
significance in a small-sample setting. Moreaver,
the 2 =26.5 value is but one of 20 such values
associated with the subcohorts. As mentioned

X2 =265, VWHHICMLTIE, AlLk-Tl, 5%
HEFHODHERFIVEEEAOB A IIEFTELED
KIELBAFMEABILEALWIZLE2ED, IO
EEmBL, FORSTHNMEREHITLED
h LA, T, ¥3=26.5x31fEE, Bi4H
CHETAN0RENED—DIITELZVOTHS.



previously, when all 20 data sets are statisticaily
combined, one finds a total of 20 tumors and an
overall logrank trend test value, of xi =11.5.
This result may not be as highly significant as it
seems. The data in Table 3 shows that among
the 20 tumors, 3 are notable in that the size of
the dose groups in which these tumors occur,
combined with the sizes of all groups with higher
doses, is less than 2% of the total number of
subjects at risk at the time of the tumor. It is
less valid to disregard these data on the grounds
that one is dealing with extremely small samples.
Moreover, a Xj =11.5 value for the entire data
set is not likely to be ignored by those sum-
marizing results from the study. However, this
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izt E B, 00F—F by b EHFHAC
HAHLABE, HOMoEESFEEsN, 2N
R HEmREE I =1.5185. CORRR
Z\r R FAELFEETLVO B LASL. #E3D
Fe Fk, B AREL AR N Lot
BEESLTYL, EEGORESRAEN 2%ET
CLAESEEnI HizsunT, 200 oBEEh
AFNEEBIETA2EERLTVWS, BT3B
ERHMERIIIPHTHIEVIERLI L, ZH6D
F—shEB I LI0RYEICRTS. 20L,
F—5 -ty b 2EOXI=11.5E v I EIE, RS
BEBMHLLEIETAEIE>TERLEN. LA2L,

¥® value corresponds to a two-tailed P value of ::0) XP T O P O.C0TIEHIBL, FHE
0.0007, which probably overstates the case. BRTALOTHS .
TABLE 3 SUBJECTS AT RISK AT TIME OF MULTIPLE MYELOMA DEATH
BY LSS SUBCOHORTS
%3 BANEHEAY, FRESUMELIRCHCHTIHTARE
Dose Group
City/Sex/Age ATB* Tumor Group
' 0 1 2 3 45 6 17

1 1 2162 1546 687 154 134 60 36 60 0
1 1 2063 1206 816 200 186 51 12 47 1
1805 1073 742 186 166 44 15 39 1
1 2 3 3972 2303 1636 475 250 97 59 93 2
3904 2270 1610 469 247 95 58 92 7
1 2 4 3416 1801 1516 384 222 84 40 51 0
3015 1622 1343 338 190 68 32 41 0
3014 1622 1343 338 190 68 32 41 1
2807 1510 1238 312 178 63 29 35 5
1 2 5 1569 804 654 160 65 30 12 il 1
745 391 298 72 30 14 4 4 0
542 290 227 57 23 10 3 3 1
2 1 231 244 139 96 82 51 23 18 5
2 1 4 282 334 186 100 88 42 22 23 3
263 306 184 8% 80 40 20 22 7
184 220 132 71 59 27 14 15 0
2 2 4 331 754 440 114 89 52 21 32 1
265 564 335 85 72 39 17 25 0
243 517 310 31 64 37 15 23 3
2 2 5 103 304 175 51 30 15 7 4 2

*City/Sex/Age ATB: Hiroshima=1, Nagasaki=2; male=1, female=2; age ATB: 0-9=1, 10-19=2,

20-34=3, 35-54 =4, and 55+=5,

WA/ RS ES: DA=1, #=2,; Atk=1, w#=2; HBFE/HK: 0~9=1, W~1=2,

20—-34=3, B-—-M=4, B3+=5,
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In this situation, an exact test with reasonable
power is desited. If the censoring intensity were
equal in the dose groups, either.the logrank or
modified Wilcoxon permutation test would
provide such a test. The censoring in the LSS
data is dose related, although not strongly so.
Thus, the permutation test must, as usual, be
considered an approximate test.

The Permutation Test

The score statistics for the log-rank and modified
Wilcoxon tests can be written as linear rank
statistics of the form

COLIERRICEVTIE, PR HBTOREEN
OEVwHREFEE NS, HRFIZHITS censoring
MEFELWOTHNE, HHEBEHEEXEIEL
Wilcoxon permutation REH F OB LR+ T
H5 5. BEPHET— ¥ O censoring I, THEE 1z
TRAEVS, BRECEFLTWVWS. 2ok
permutation ME X WY KHENEMREL L LTH
I£% 5 2w,

Permutation &7E

WS E R U Wilcoxon BiED A 2 FHIF I,
TROBRO - RERHEFLLTHsRTIEN
TE5H.

n
U= 'E]aiZi » (2)
i=

where a; is a score attached to the ith time-
ordered obssrvation, and z; is a covariate
representing some property of the observation,
such as its dose group membership, For logrank
tests, if the i-th time-ordered sample is the r-th
tumor, then a; = ¢, where

cr..—_'l_
§

and ng is the number of subjects at risk at the
time of the sth tumor. If the i-th time-ordered
observation is censored at or after the time of
the r-th tumor, but before the (r+1)-th tumor
(if any), then g; = C;, where

AELRE I FEOERMBRIIABT 5227,
LB RBAOFB ALY, BHEOOHHEEET
covariate Th 3. HWHFEHHRAEICELTIL, £FH
UEiIFHOEAFE - FEHOMB LS LTI,
ai=e, FWME TS, KL

) 3
Zug (3)

THY, ngiiFs FHOHBEOBELRANT
b5, BiTAOEROBE LB FEOELE,
2ok, LA (BLFaETsaod)Er+1
FEOEMLIENT censor THDTHNUE, 2,=C, &
W § 5., 2L

T
C,=-Zn;t . (4)
5=1

For a trend test, z; = dj, where d; is the dose
received by the i-th time-ordered subject. The
permutation log-rank trend test proceeds by
considering the values of the U statistic (2)
obtained from all possible permutations of the
z; or, as is usually done and will be done here,
as a sample of these permutations.

Let ﬁl, C - Ff], ooo denote the values of the U
statistic (2) computed from the data and 999
random petmutations. Call

Thd. HERELMLTE, z=42RIT 3.
ARELGERERNCE I FHONREANRIT R
T & 4. Permutation #EREEE/mMELR, 0
+ X O T HE % permutation Tk NBLEZIAD,
LB, RUFHGCEWTHTIL I, IRG
O permutation IR Y L CiH-UHHR (2)00i%
ERETHILILKYERT 3.

Up evry Upp#, F— & RU0090 RSB
SHELEUKHR(2)MEEsRT LTS,

PP = number (U;>U)/1000 , (5)



the permutation P (PP) value for the log-rank
trend test. Attention will be restricted here to
this particular case, since the modified Wilcoxon
trend test and the homogeneity test differ only
in detail and not in substance.

Because there are neatly 9,000 subjects in Table
2, the direct application of (2) would be
expensive, and because its application to the
complete data set given in Table 3 would cost
even more, so (2) was not used directly. For
Table 2, the z; in (2) take only the dose values,
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& RS H A A E O permutation P (PP) R EF 3.
15 Wilcoxon i ik & &Mooz, M
RABAITC, FENLERLILOOT, ZOBED
BECHEEET S,

Hodh DM BEHITO00AIZES, (2)FEE
WATAIIEAOFNEEL, RIOREEET—F
oy bAOBERHIIRELREAFAEETEOT,
()R EEIEHALEP o/, B2 TH(2) D 4 1}

di, ..., dg O¥ { ) & , ajiz 4 @D .
d,,...,dg,and the a; take only the four values, ' s PR g : 2 sﬂﬂ jﬁf]
¢y, C1, 3, and C,. Thus (2) can be written in Cp, €z CDBELS. LEN2TTENBRT
the form : () EHEHTILANTE S,
m g -
u =i§1 j§1 a3 djNij , (6)
where 4, , . . ., 9y, are the distinet values of the ELAL o A lia; MBAOETH D, Nijid

aj, and Nj; is the number of subjects in group j
which have the value ;. Expression (6) is less
expensive to evaluate than (2), but that is not its
primary advantage. Table 4 displays the Ny
matrix for the data in Table 2, together with
row and column totals, N;j; and Nij. In this
context, the problem of computing random
permutations of the z; in (2} is replaced by that
of finding random tables Nj; with specified
marginals Nj;. and Nyj.  One may randomly
compute the first three rows of Table 4 and
obtain the last row by subtraction. In this
manner only 143 random numbers are dealt with
explicitly, rather than randomly permuting a
vector of length 8,887. This process reduces the
computing costs by a factor of 60.

BEELO i BoSRERTH L. KX (6) D HIHER
BHizER(2)BEsheELEVS, TAHFIOAD
FEEAEATHRY. BL4I3E2OF— 5O N TS
BU, iTEHINBEFNit& Ny #RT. 20X %
FRIz LTI, 2H{2) 0z 0EELBEREHETS
MEIzfeh N, HEORR N R NGELORES
N R HTSMEFEI TS, RADEIO
IFEMIELBICHEL, BATEIEHIIL-T
kB2 ELTEDL. ZOHETE, 8,87NEED
Ny P NEBREBIIENPIIOTEL, 1430 EIFES
HOLERBII®RY. COFRGHRILBELTAE
17601z 8ba¢a,

TABLE 4 DISPLAY OF THE Nj; MATRIX FOR THE DATA IN TABLE 2

#4 F2O7- 5O N;; (THIER
Nij Ni+
0 1 0 0 0 0 0 0 1
68 32 26 6 3 2 1 3 141
0 0 0 0 0 0 0 1 1
3904 2270 1610 469 247 95 58 91 8744
Ny 3972 2303 1636 475 250 97 59 95 8887
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The P value for Table 2 obtained from this
calculation was PP=0.003. The corresponding
X? =7.26 is considerably less than the asymptotic
value X3 =26.5 cited earlier.

To compute a PP value for the data in Table 3,
some method of combining city/sex/age blocks
is required. Following Cochran and Mantel,
the pooled score statistic is used:

U.;.:Ul"'.

where Uy, . .., Uy are the score statistics (2) for
the nine city/sex/age blocks that contained
multiple myelomas; the others being zero by
default. Comparable random values of Uy

U = Uy +.

can be obtained by permufing within blocks.
For each b, the values Uy p, . . ., Urgoo,p Were
obtained from the data in the b-th block in
Table 3 plus 999 random permutations using
the methodology above.

The P value for Table 3 obtained from this
calculation was PP=0.009 with a corresponding
X* = 6.81. While this is considerably less than
X} = 11.5 value for the pooled asymptotic log-
rank trend test, the permutation test clearly
indicates a statistically significant dose-response
relationship of multiple myeloma with radiation.

The Simulation Test

Motivated by a popular heuristic justification
for the asymptotic logrank and modified
Wilcoxon tests, a simple alternative test is
suggested which has the same asymptotics, but
is less likely to overestimate statistical signifi-
cance in small samples. Unlike the permutation
test, this test is not exact under the assumption
of equal censoring, but it is expected to be quite
accurate when the censoring is heavy, as in the
case of the LSS cohort. Moreover, unlike the
permutation test, it is insensitive to unequal
censoring. In addition, it is simple and in-
expensive to compute.

As in the previous section, it is sufficient to
consider the logrank trend test. Let n;jj be the
number of subjects at risk in the j-th exposure
group at the time of the i-th tumor. As before,

COHRELEIIROAR2OPHEE, PP=10.003T
55, thiodBT 3xi=7260%128AL A
HiEfEx?=26.5%8 »% D TE 5.

HEIDF-F0O PPHEFET AT, BH/
P JERB IOy AL FETEATIZEFEE
& %. Cochran BT Mantel D HFEEIZE 2 L, e
LERAT 78R EFERT 3.

LUy, (N

RELUL ..., Ugld, $REEHIEEETIHO -
WH/ /BN TRy rORITHER (2)TH 3.
FOBITEEERARIL-TOTHS. KT 3
T fEAE Uy

4T ; i=1,..., 1000

7oy 7ROB<PLEFIZEIZENRHHIE N
TE3. &bizownt, LiEoFERIIEY, #3ig
SbFAOTOY s OF— ¥ RN EEBER
B 51 Uy p --r Ungo,p &R 7.

ZOEtEASBLEITOPHEIE PP =0.009T&Y,
3= 6. 814 HIGT 3. TOfEIE, pool L A#EM
HuEEEakEoMxi=11.5%4»2n FTHEY,
permutation ¥ & A7 £ FE 1k B MR & At O HEH
CHBCHRERNMELRTILRAS L TH S,

2alL—Y3BE

R 0 SR B iR EE B UME IE Wilcoxon fH7E 0 — iR
CERshI RN ERT, AUHNEES
T35, PEHOSRATLEINETEEOB AR
ffigRoLizd b LA aMELRELIEETS.
Z OBE L permutation MAE L TR LD, HFL W
censoring & W IR EO T CREFETH VY, Ha
WM REAOB SO L 512 censoring PEKXL L &
2, REFFHETHDIEEZEZLLNS. EIC permutation
MELIERLY, ZOBEIZEL{ % censoring @
BELZZURC. Fh, COREEWECHEL
KELFENELEE L BV

MOBERGBE S, FHEREahErEE
FTARUTHATHS. n; 2B ZFBOHERO
EiRBoBBH LTI RSN R EKRL T 3.



let dy, . .., dg be doses associated with the
exposure groups, and let §; = dj, where j = Ij is
the treatment group in which .the i-th tumor
occurs. If there is no dose effect, it is natural
to assume that given the numbers of subjects
n, . . ., Nyg at risk in the g dose groups at the
time of the i-th tumor, that J; has a multinomial
distribution, M(1;py, - . . , Pijg), Where p;; =
nU/nl+ This motivates ca]]mg g = ZJ —1 djPij
and v} = Eg_] (4 — e;)?p;; the conditional
expectation and variance of s;. The logrank
trend test statistic is then
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BIE® & 312, dy ..., dp 2EEECHEY 2 RE
EL, si=d; ¢t 5. 2ELj=L3RiKED
EEARI-LBHETHS. BEREI VL
Thru5l, BRiFHOMEERO g RRFIZISTS
EE%*‘T&@&%H;], evvy Mg Pt T |f, Ji i
EIHFA ML pits ooos Pig) BHT B, LKL
pii=nij/n; 4 CHB. LEAoT, e;=3F_) dip;;
BU v =£ig=1(dj—ei)z Pk s; DEMRD EFY
HEUEHFEEZELITER Z0HBE, SEBEHRER
BEHKTRIITREOEENIZLS.

X3 =(s—e¥p* , (8)

where s=Z7, s, e=2; €, v? =Z; vi,andm
is the total number of tumors. Under the
assumption of no dose effect, the statistic xT is
assumed to have a x® distribution with one
degree of freedom.

The approach in this study to approxnnatmg
the small-sample distribution of X%, is to assume
that conditioned on all of the nj; values, the J;
above are independent and have the multinomial
distributions identified there. While this is not
strictly true, because the distribution of Jj,
given the number of subjects at risk at the time
of the j-th and (i+1)-th tumors, in general will
not be the same as the distribution of J;, given
only the number of subjects at risk at the time of
the i-th tumor. In the present context, where
with one exception, 100 or more deaths occur
between multiple myelomas, the assumption is
very nearly correct. One may obtain the exact
distribution of X% under the conditional multi-
nomial assumption, by simply convolving the
multinomial distributions above. It is this
distribution that will be used as an approximation
to the true distribution of XZ.

To simplify the computations in the general case
of unequally spaced doses, one further approxi-
mation wilt be made. Rather than compute the
exact distribution of X% under the conditional
multinomial assumption, instead it will be
simulated. Actually, as in the previous section,
one-sided tests will be dealt with and the log-
rank score, U=s—e, found in the numerator of
the definition (8) of X4 will be simulated. This
is identical to the score used in the previous
section. To be specific, the value U will be
computed from the actual data, then 999
additional values of s will be simulated, by

EEUs=3F s, e=3_je, v?=I_v{
EUmndEEoaHHacsds SBEaREIf 2w
FETae, HARITEEAE1IOX SHEbOL
Eiohsb,

XL DS EGRHSHEEMUT 5L FRHRTEM
TAaFEE, LR EFTAEFTLN
3, MAILAbLOTHYN, LETHNLAZH
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Heixaw, a2uasd, #iFEARUHEI +1FE
DIEGF-H T IMEANEEROBED T, DA,
EiFHOREEHCI P AHENEHE KOOSO
O OABLBRERRALTEVILTES. KRS
ChnTi, 1HERs 2B ETHEREORIIE
1WOLL LD #EN, COREGHEEIZEEISGLIV.
EROEHEABERARTEIEIIRD, R E
$EEENOTCEREXTAHLBEI LV TES
AblLhzv. Eoxiahokle LTERATS
DHEZORTETH 3.
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MH I+ 32m1z, ECfloilEs BT 5.
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Hona A ITU=s—e® 32l —F
F5, CHEHMETCHEMLAAITER~TH 5.
BEmcs, U2 EBE0F—s»L55HL, &40
Uz HEL LT LA 2G5
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sampling the required J; from the multinomial
distributions identified above computing a value
of U for each. The number of U values which are
as large as or larger than the U value for the real
data divided by 1,000 is the P value for what
will be called the simulated log-rank trend test.
This simulated P value is denoted by PS.

Using this procedure on the data in Table 2 gives
a PS value of 0.004, which is very close to the
PP value of 0.003 previously obtained using the
permutation test, These values are about what
would be expected from an examination of the
data, Note that the computing burden required
to obtain the PS value is substantially less than
that required to obtain the permutation value.
To obtain one randomly simulated value of U
for Table 2, one needs to compute and deal with
two random numbers, whereas obtaining a
random value of U by the more efficient method
of the previous section requires computing and
dealing with 143 random numbers,

As in the previcus section, the pooled score
statistic Uy for the data in Table 3 is the sum of
the score statistics Uy, . . ., Uy for the nine
city/sexfage blocks which contain multiple
myelomas. Since already simulation is **within
tumor™ nothing additional is required to simulate
within blocks. The data in Table 3 are simply
treated as a larger data set containing all 20
tumors and a PS value is computed in exactly the
same manner as was done with the data in Table
2. Only 20 random values are utilized for each
simulation, which again makes the computing
of the PS value much less expensive (here, by a
factor of 16) than the permutation value. The
simulation test P value for Table 3 was P$=0.008,
which again very close to the value PP=0.009
obtained from the permutation test.

To verify the simulation test, a small Monte
Carlo study in a simplified setting that reflected
some of the important characteristics of the LSS
cohort was conducted. Two markedly unequally
sized groups of subjects were used, the first with
190 subjects and the second with 10; both with
very high censoring rates. The survival and
censoring distributions were the same for both
groups and assumed to be exponential, with
the censoring distribution having 49 times the
intensity of the survival distribution. The
probability is then 1 in 50 that a given individual
will die from a specific tumor before being
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censored. Aset of 1,000 samples were generated.
As expected, the samples gave rise f{o some
inordinately small asymptotic P values; 2 were
less than 107%, and 10 were less than 1079,
The asymptotic P values would have led to 99
rejections at the 5% level, while at this level,
the simulated distributions, which were
computed exactly here, led to 43 rejections.
Since 50 rejections were expected, the simulation
test performed well. On the other hand, the
standard asymptotic logrank test yielded un-
acceptable results, In this 2-group setting, a
half-unit continuity correction would improve
the results of the asymptotic test; however it is
not clear how such a correction should be made
in a more general setting.

A technical problem with both the permutation
and simulation tests is that different random
number generator seeds will lead to different
values of PP and PS. For the data in Table 2,
three different seeds led to the PS values of
0.004, 0.005, and 0.009. Such differences can
be reduced by increasing the number of simu-
lations or permutations used. In the case of the
simulation test, the problem can often be
eliminated entirely by computing the exact
distribution of the U scores under the approxi-
mate conditional multinomial assumption, This
is easily done, for example, when the doses are
equally spaced. On the other hand, it is seidom
possible to compute exactly the permutation
distribution at a reasonable cost.

Conclusion

The epidemiologic example of multiple myeloma
clearly illusirates the statistical mistakes which
are possible through the application of large-
sample results to small-sample problems.
Although the conclusion regarding a positive
association of multiple myeloma with radiation
exposure was not changed, the P value was
increased by an order of magnitude. The small
Monte Carlo study further supported the use of
small-sample procedures. Even though the study
was extremely limited, it indicated that the
asymptotic test yielded an actual alpha level
twice the nominal level. This is quite unaccept-
able by any standard. These considerations
provide justification for the recommendation of
the present report, to routinely include a
simulation test in analyses whenver one is dealing
with studies involving only small numbers of
cases.
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