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Summary

The presence of nonsystematic errors in the individual radiation exposure
estimates for the atomic bomb survivors results in underestimation of radiation
effects in dose-response analyses and also distorts estimates of the shape of
the dose-response curve. Statistical methods are presented which will adjust
for these biases for linear and quadratic dose-response models, provided that
a valid statistical model for the exposure estimation errors is available. This
latter qualification is important; less than would be desired is currently known
about the nature and magnitude of the errors. Emphasis is placed on clarifying
the rather subtle statistical issues involved. The methods involve downward
adjustment of dosimetry system estimates, but this is not to imply that these
estimates are biased; rather this is part of the dose-response analysis to remove
biases in the risk estimates. Primary focus in this report is on linear dose-
response models, but methods for linear-quadratic models are also indicated.
Some plausible models for the exposure estimation errors are considered, with a
substantial range in magnitude of errors, and sensitivity analysis of the resulting
bias corrections is provided. It is found that unbiased estimates of linear excess
risk for cancer mortality, for these error models, are about 5%-15% greater than
estimates making no allowance for such errors. The upper end of this range is
reduced to about 10% if, as is commonly done, some survivors with extremely
high exposure estimates are eliminated from the analysis. Since the range is not
extremely wide and since the statistical issues—although difficult—seem clear
enough to proceed, it is recommended that some adjustment of the type proposed
here now be made in most analyses. A specific error model in the central range
of those considered is tentatively proposed for such adjustments. No information
specific to the new DS86 dosimetry is used in this recommendation, even though
it will be important to bring such information to bear on DS86 as soon as possible.
To a large extent the revision in dosimetry was intended to correct systematic
errors affecting large groups of survivors, whereas the methods here pertain only

§Full Japanese text will be available separately.
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to nonsystematic errors resulting largely from inadequacies in information about
location and shielding of individual survivors — input common to old and new
dosimetry systems. For further accrual of information regarding precision of the
new dosimetry system to be most useful, it is eritical that attention be given to the
rather subtle statistical issues involved. In particular, it is critical to distinguish
between the distribution of estimates for those at a given true exposure, and the
distribution of true exposures for those having a given estimate.

Introduction

Much of the research at RERF involves estimation of radiation dose-response
for various endpoints among the A-bomb survivors, using estimates of individual
radiation exposures which are subject to substantial uncertainty. Focus here is on
effects of what might be called “random” errors in exposure estimates, due largely
to uncertainties in the survivors’ location and shielding, rather than those of a
more systematic nature, such as in the yields of the bombs. It is well known, both
from general statistical principles and from specific investigations for this setting,
that these random errors do not “average out” in dose-response analyses. Rather
they cause systematic biases, both in linear risk estimates and in estimation of
the shape of the dose-response. The aim here is to present statistical methods
for reducing these biases. For simplicity, most of the development here will be in
terms of models linear in true dose, resulting in methods to reduce the bias of the
slope parameter. However, it is not difficult to extend the approach to estimation
of the shape of the dose-response, in the context of models also containing a
quadratic component, and methods for this will be indicated. Further details on
this are given in Pierce and Vaeth.!

The errors-in-doses problem has been investigated in some detail by Jablon®
and Gilbert.? The former report is particularly useful for the analysis given of the
probable form and magnitude of errors in exposure estimates. The conclusions
of the latter paper are quite similar to those of this report, but the details of
development here and the proposed implementation of statistical methods are
substantially different. Prentice®® has discussed special issues arising in this
regard in analysis of survival data, which is of primary interest in studying
increased cancer risks.

A major purpose here is to lay out the rationale and approach to the
problem, which involves both subtle general issues that are not prominent in the
mainstream statistical literature and other aspects more special to these data.
Some more concrete results are also given but they depend, of course, on specific
assumptions regarding statistical models for the errors. No attempt is made here
to investigate the actual nature of the errors, but some general comments on this
are required.

First, detailed consideration of the nature of the errors is very complex;
including the consideration referred to above of systematic versus nonsystematic
errors. Statistical models for errors, such as those used here, are certainly an
oversimplification, but the other extreme of emphasizing details and complexity
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may pose even greater limitations. Further, there has recently been a major
revision in the dosimetry system.® The primary change in the new DS86 system is
to correct quite systematic errors in the previous system, but there are differences
which may affect the structure of nonsystematic errors. Some preliminary
discussion of imprecision in the new estimates, as well as a useful summary of the
entire system, is given in Chapter 9 of the DS86 report.® It will be important to
have further information regarding the precision of the DS86 estimates, including
not only general levels, but specifically for shielding categories or even more
detailed strata. The implementation of the approach suggested here should
certainly evolve as more information becomes available. Research on both
refinements of the statistical methods suggested here, and on ascertainment
of the actual nature and magnitude of errors in the DS86 estimates, should
be considered of high priority at RERF and elsewhere. At the present time,
however, it does not seem unreasonable to continue to rely substantially on the
assessment of errors given by Jablon? for the previous dosimetry system. He tried
to quantify the magnitude of the uncertainty in the input parameters (location
of survivor, type of shielding, etc.) for the dosimetry system and evaluated how
such random errors propagated to the uncertainty in the dose estimates. The
main arguments are also valid for the new dosimetry system, thus the type of
model Jablon suggested is taken as a starting point here for sensitivity analysis
to assumptions about error models.

In general statistical theory for relating a response variable y to an explana-
tory variable x, the usual focus is on random variation, or “errors”, in the y
variable. Situations where x is also measured with error are the subject of
a more specialized, but nevertheless vast, literature. Although this certainly
provides useful background information, there are special features of the A-
bomb survivor data which make this literature less directly useful than might
be thought. A generally useful classical reference is Cochran,” and an entry
into the most recent literature is provided by papers from a recent workshop.®
A recent textbook with broad coverage has been written by Fuller.® Methods
particularly related to those discussed here are investigated by Armstrong,!?
Schafer,'! and Prentice®®'? and reviewed by Clayton.'? The latter paper presents
a unified approach to statistical modeling of data from epidemiological studies
with inaccurately measured exposures. Progress, especially on the computational
methods for the analysis of this general model, is still needed. Further
developments of these aspects may suggest improvements to the methodology
outlined in this report.

The essence of the proposed statistical procedures involves adjustment of the
exposure estimates before using them in (linear) dose-response analyses. This is
preferable, on a number of grounds, to carrying out the dose-response analysis
with the original estimates and afterward adjusting the parameter estimates.
Except for low exposures, these adjustments nonlinearly decrease the original
estimates to an extent which increases, relative to the magnitude of the estimate,
with estimated exposure. Such a procedure is naturally somewhat controversial,
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in view of the care which has gone into design of the DS86 system. Because of
this, the rather subtle basic ideas involved have been indicated at the outset,
before proceeding with the more technical details of the development.

Three of the most basic ideas involved are:

i) the average in the cohort of the estimated exposures, z, among those
having approximately the same true exposure, x, written as Avg(z:x),

ii) the average in the cohort of the true exposures, among those having
approximately the same estimated exposure, written as Avg(x:z), and

iii) the average values, or the bias, of parameter estimates for linear
models, averaging with respect to both basic sampling variation and
random errors in exposure estimates.

Regarding i), a reasonable aim of a dosimetry system is something in principle
like Avg(z:x) = x, for all values of x. The primary reasons for saying “in principle”
are that: a) only some reasonable approximation to this is an essential issue, and
b) it might be considered quite acceptable if this holds true when averaging on
a logarithmic (or some other) scale, in which case it will not hold true on the
original scale. A useful way to think of the general issues involved in point i) is
in terms of an idealized dosimetry system which would give exact estimates aside
from errors propagated from those of input parameters such as the individual’s
location, shielding, etc. From this view, appropriate estimation of these input
parameters would lead, at least to a reasonable approximation particularly on a
log scale, to Avg(z:x) = x.

However, it is a basic statistical result, discussed in all the references above,
that this will not ordinarily imply unbiasedness of parameter estimates in dose-
response estimation, which is the issue in point iii). It might be said that the
bias in linear risk estimation based on estimated exposure z is directly related
to the extend that Avg(x:z), the average referred to in ii) above, differs from z. It
will be shown here that there is certainly a “bias” in this regard, in that Avg(x:z)
is substantially less than z in the higher range of estimated exposure. Moreover,
it will be seen that correcting for this form of bias is the key to eliminating the
bias of primary concern, that of the parameter estimates.

That Avg(x:z) is systematically less than z does not mean that the dosimetry
system is “biased” in a pejorative sense; indeed it would be quite unreasonable
to attempt to devise a dosimetry system which avoids that phenomenon. In
particular, for this setting at least, unbiasedness in the sense of i), which should
be a primary aim, and that in the sense of ii) and iii), are virtually incompatible.
For the A-bomb survivor data, the number of individuals drops off very sharply
with increasing exposure. This fact causes Avg(x:z) to be considerably smaller
than z in the upper range of estimated exposure. It is unfortunate that the term
“bias” has strong overtones in everyday use, as well as technical meanings which
involve some subtlety.
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The statistical methods required to deal with the problem involve the
replacement, in dose-response analyses, of the estimated exposures z by adjusted
estimates Avg (x:z). This approach is valid for linear (relative) risk models. It is
hoped that the discussion just given will make clear that this is not intended to
correct any “flaw” in the dosimetry system. Perhaps the simplest way to avoid
confusion in this is to think of the adjustments to the exposure estimates as
part of the dose-response analyses, rather than as part of the dosimetry system.
This viewpoint is also supported by the fact that there are further modifications
to the dose-response analyses which must be considered, in dealing with the
errors in exposure estimates. Such modifications include an additional term in
the variance of the response when analyzing binomial dose-response models.
Moreover, the simple solution, replacement of z by Avg(x:z), is not valid for
nonlinear models.

The following artificial example illustrates in a qualitative way some of these
basic ideas. The numbers of survivors in the dose categories here are roughly
those of the RERF Life Span Study (LSS) cohort, but the model for errors is not
intended Lo be realistic. Rounding true exposures and estimates to the nearest
gray, suppose that the statistical model for errors was that with probability 0.5
the estimate was correct, with a probability of 0.25 of having a 1 Gy error in
either direction. Table 1 indicates the expected numbers of survivors in a cross-
classification of true and estimated exposures. That the estimates are unbiased
in the usual sense of i) relates to consideration of the rows of this table. On the
other hand, Avg(x:z) pertains to column averages, and some selected values are
given at the bottom of the table. The “bias” in these, in the sense of ii), is seen
to result from far more survivors being 1 Gy below the estimate than 1 Gy above
the estimate.

Table 1. Artificial example indicating basic concepts

Estimate Number of

1 2 | 4 5 6 Survivors

250 500 250 1000

2
True 3 75 150 75 300
4 33 66 33 132
5 15 30 15 60
Avg(x:z) . . 2.50 3.62

The error distribution in Table 1 was chosen largely for simplicity, but it does
serve to illustrate some important points. It is often thought that a major part of
the problem resulting from errors is that: i) they are greater for high exposures,
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and ii) they may be rather symmetric on a logarithmic scale, resulting in greater
overestimates than underestimates. These two factors are relevant, but it is seen
from Table 1, having neither of these features, that the fundamental problem
would exist even without them.

The method used here for an estimation of Avg(x:z) in more realistic models
is remarkably close in principle to the calculations of Table 1. Estimates can
be made of the distribution of true exposures among the survivors, based on
the cohort distribution of estimated exposures and a model for the errors. This
corresponds in principle to the right-hand column of Table 1. Then the statistical
model for errors can be used to distribute survivors at each x across values of
z, corresponding to the center part of the table. Then from the resulting cross-
tabulation, one can estimate Avg(x:z) as was done above.

Materials and Methods

This section contains three parts. The first discusses statistical models for
errors and a method for estimating Avg(x:z), to be used as adjusted exposure
estimates. The second part indicates why and how adjusted estimates should
be used in dose-response analyses and further details the statistical procedures
involved in this. The final part describes the data to be used for some example
dose-response analyses, in order to indicate the sensitivity of final results to the
choice of a model for errors.

Estimation of Avg (x:z)

The required quantity Avg (x:z) is the mean of the conditional distribution of
x among cohort members having (approximately) the same value of z, written as
f(x:z). Other quantities computed from f(x:z), such as Avg(x?:z) and the standard
deviation SD(x:z) will also be of interest. The concept of this distribution f(x:z)
is very central to the development here, and careful consideration of Table 1
perhaps gives the clearest idea of its meaning. It is noted that the probabilistic
element here is based neither on thinking of the true exposures to individuals as
random variables nor on thinking of the cohort as a sample from a population,
but rather it is induced simply by considering the exposure estimation errors as
random. This can be seen most coneretely in terms of grouped data. If the errors
are randomly assigned, then the true exposures of the subcohort belonging to a
given z category are thereby distributed randomly over categories of x.

In spite of the concreteness provided by such grouping, there are important
advantages in carrying out the development in terms of ungrouped exposures.
The most important of these are simplicity and clarity in presentation and the
ability to subsequently apply results to whatever specific grouping might be best
for a particular analysis. It is perhaps best, though, to think of the development
using exact exposures as an idealization which ordinarily will be applied to give
results for grouped data.
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The density function f(x:z) for the distribution of true exposures among those
at a given estimated exposure can be obtained from the relation

f(xiz) o« fx) fzx) , (1)

where f(x) is the distribution of true exposures among the cohort, and flz:x) is the
density function of the assumed model for estimation errors. The proportionality
is with respect to x, and the proportionality constant, for each z, is simply that
which makes f(x:z) integrate to one. In line with the interpretation of f(x:z)
discussed above, we emphasize that fx) is thought of here as the distribution
of the true exposures in the cohort, rather than a hypothetical distribution from
which the cohort (exposures) is a sample. Choices of flx) and f{z:x) are discussed
below. In this paper, computation of the required quantity Avg(x:z) is done by
numerical integration, so that there will not be artificial constraints on the choice
of models for mathematical convenience. After computing Avg (x:z) for a suitable
selection of z values, it was found that the “reduction factors” [z — Avg (x:z))/z can
be fitted very well by a simple empirical formula, for the error models considered
here. These formulas, for any desired error model, can then be used in dose-
response analyses to adjust the exposure estimates. In practice, this will often
be done to the mean exposures for cells in a cross-classification of the data.

Thus, given an assumed model for estimation errors, Avg (x:z) can be directly
computed if one knew f(x), the distribution of true exposures in the cohort.
Because fix) differs between cities,? the calculation of Avg(x:z) is done in a city-
specific manner. It would not be a very poor approximation to simply take the
city-specific distributions f(x) as the distributions of estimated doses, z. It is not
difficult, however, to make some adjustment to these for the effect of the errors
under an assumed model, and arrive at better estimates of f{x). The approach to
this adopted in the present investigation is outlined in the Results section.

The distributions of estimated doses for each city are given in Table 2. The
units there are not, strictly speaking, “dose” but DS86 kerma: the tissue kerma
free in air at the location of the survivor, adjusted for shielding by structures
and terrain, based on the recent DS86 dosimetry.® All the development in this
paper is in terms of kerma. Analyses at RERF are sometimes done using organ
doses, allowing for shielding by the body. For this case, the recommendation is
to compute the above reduction factors in terms of kerma, and then apply these
factors to the organ dose estimates. The primary reason for this is simplicity;
more direct adjustments of organ doses would require calculations as discussed
here for each organ. It is noted that the random errors in the organ doses are
somewhat greater than those for kerma, see Chapter 9 of the DS86 report.®

The cohort contains a large number of persons at essentially zero exposure,
used as a comparison group. The immediate concern here is only with those
having nonzero true exposures, and the comparison group can be ignored by
making the approximation that the true exposure is zero if and only if the
estimated exposure is zero. Further, it has been common practice to truncate the
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Table 2. Numbers of survivors whose exposure exceeds
selected values of kerma (Gy)

Exposure Hiroshima Nagasaki Exposure Hiroshima Nagasaki

01 14632 3420 3.0 338 129
0.5 5009 1501 3.5 218 100
1.0 2229 801 4.0 171 85
1.5 1311 444 4.5 128 71
2.0 820 282 5.0 108 55
2.5 532 185

exposure estimates at 6 Gy, since survival of a true exposure higher than this is
very unlikely and therefore such estimates are particularly unreliable. For the
basic development here, such truncation is ignored, although it is recommended
that something to this effect be continued in the dose-response analyses. In
relation to the present development, the effect of this is to lessen concern about
the models for errors, in relation to extremely large exposure estimates.

Attention is now given to the choice of statistical models f{z:x) for the
distribution of estimated exposures at a given true exposure. The focal point
is that type of model suggested by Jablon,? with substantial motivation given
by consideration of major sources of error, in which log(z) is taken as normally
distributed with mean log(x) and standard deviation independent of x. One key
aspect of such models is that on the original scale the errors are proportional
to the level of true exposure; this feature seems very appropriate and should
probably be incorporated in any alternative model as well. The standard deviation
(SD) of log(z) is approximately equal, for the range of values of interest here, to
the standard deviation of z, as a fraction of x ; i.e., the coefficient of variation
CV(z). For example, values of 0.30, 0.35, and 0.40 for SD[log(z)] correspond to
30.7%, 36.1%, and 41.7% for CV(z). For simplicity, a model such as this with
SD(z)=0.30 will be referred to as “lognormal, 30% error,” and so forth. Note
that for these lognormal models CV(z) is exactly the square root of exp[SD(z)?]
— 1; the often used approximation exp[SD(z)] — 1, not requiring the normality
assumption, is only accurate for smaller values of SD(z) than used here.

Another feature of such models is that the errors are symmetrically distributed
on a logarithmic scale, and hence they are skewed towards overestimation on the
original scale. The appropriateness of this is suggested primarily by the fact that
it is the logarithms of true exposures that are approximately linear in distance
from the bombs. As discussed above, the estimates following this model are
only unbiased on a logarithmic scale. However, the bias on the original scale
due purely to these logarithmic aspects is relatively unimportant in relation to
primary issues under consideration here.
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Jablon? concluded that the lognormal 30% errors model was worth particular
attention, but that models with somewhat greater errors should also be seriously
considered. This model is taken as a starting point here, but with emphasis on
sensitivity analysis of the effect of possibly larger errors and different models.
Results are given for the lognoermal 40% errors model and for two types of model
other than lognormal, but which have a CV(z) of approximately 40%. Some final
numerical results are also given for the lognormal 35% errors model.

The most serious concern with the lognormal model is not the assumption of
symmetry on the log scale, but rather the more specific assumption of normality.
The normal distribution is noteworthy, indeed notorious, for having very “light
tails”; that is, it allows for very few large deviations in relation to the size of
more typical ones. It might be suspected that the results here are sensitive
to the assumed chance of extreme errors, so investigating a distribution with
“heavier tails” is important. A natural choice, called a contaminated normal
distribution, is to model log(z) as being, with a 85% chance, normally distributed
with a standard deviation of 0.30, and with a 15% chance, normally distributed
with a standard deviation of 0.75. These parameters were chosen such that log(z)
has a standard deviation of 0.40, as in the second model above, but with a quite
different distributional shape.

A fourth model was chosen to examine departures from the assumption of
symmetry on the log scale, with the consequent skewness towards overestimation.
This model takes z as normally distributed, with mean x and CV(z)=40%,
providing a useful comparison to the previous two models. The authors feel
that approximate symmetry on a log scale is more natural, and that this fourth
model is a rather extreme departure from that; but nevertheless provides useful
information about the effect of distributional shape.

Thus, results will be given for four error models:

A. lognormal, 30% error

B. lognormal, 40% error

C. contaminated lognormal, 40% error
D. normal, 40% error

It is natural to consider whether error models should be specific to shielding
categories, e.g., unshielded, in a traditional Japanese house, in a heavy com-
mercial building, and so forth. Allowing the percent error to depend on these
factors, and perhaps others, is likely to be the most important extension of the
methods developed here. Future developments of the DS86 dosimetry system
will provide the information necessary for evaluation if such a refinement of the
present methodology is required.

Use of these adjustments for dose-response analyses
First, models in which the expected response is linear in true exposure
are considered. The following indicates why replacing exposure estimates z
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by adjusted exposure estimates Avg(x:z), for the types of data and statistical
methods of concern, will reduce the bias in parameter estimates. Some comments
on nonlinear models are given at the end of this section. The definition of “bias”
here involves averaging over both ordinary sampling variation and random errors
in exposure estimates. Despite the reduction of bias by this substitution, it is
clearly not the case that the quantities Avg(x:z) should be thought of as the
equivalent of the true x’s. Thus, it is important to investigate whether additional
allowances in analysis or interpretation are required. An attempt is made to focus
only on essential points, with some technical details relegated to an Appendix.

Before proceeding with the discussion, it should be noted that the same
adjustments Avg (x:z) should be used whether an analysis is of the entire cohort
or, as is often the case, a subset of it selected on the basis of estimated exposures.
This question arises because the distribution f{x) of true exposures in the entire
(exposed) cohort is involved in the caleulations, and it might be thought that the
restriction of this to some subcohort should be used in such cases. That this is
not so is because the selection must be made on the basis of the z values, rather
than the x values. The distribution f(x:z) does not depend on how z is selected,
and thus the development here applies with no changes for analysis of selected
individuals.

In the following development, exposure and city will be taken as the only
covariables, but the incorporation of additional covariables measured without
error does not alter the basic results provided that neither the distribution of
true exposures nor the nature of estimation errors are related to such covariables.
The primary additional covariables of interest in the LSS are city, sex, and age-
at-exposure. The effects of city are accounted for by calculating the adjustments
Avg(x:z) in a city-specific manner, as indicated above. In principle, one should
also consider sex and age-at-exposure specific adjustments. However, neither
of the model aspects mentioned above differs substantially by sex or age-at-
exposure, so the effect of these additional adjustments would be minimal.

Whether further modification in standard methods is required, in addition
to substitution of adjusted exposure estimates, turns out to depend on the type
of data being analyzed. Consideration is given to two primary data types of
interest at RERF: i) cancer incidence or mortality, involving statistical methods of
survival analysis; and ii) chromosomal aberration prevalence, involving methods
for binomial data. It will be seen that for the first of these no additional
modification to standard methods or interpretations is required. For the latter,
though, analysis under a binomial model with adjusted doses is not adequate.

The relevant distinction between these involves the relative magnitudes of
ordinary sampling variation and the additional variation due to errors in exposure
estimates. For situation i), the datum on each individual is essentially binary,
whereas for ii) it is the proportion of a large number of examined cells which
exhibit an aberration. In the latter case, the ordinary sampling variation, being

10
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inversely proportional to the number of cells examined for each person, is much
smaller than in the former.

For the cancer data, there are some additional complexities since the time
to cancer incidence or mortality, being a random variable, is also a part of the
data on each individual. However, the results of Prentice? indicate that for linear
relative risk models all that is required is a substitution of Avg(x:z) for z when
analyzing cancer data using Cox’s regression methodology. The statistical models
used at RERF for analyzing cancer data are essentially a grouped-time version of
these methods, and it may clarify Prentice’s result to express it explicitly in terms
of the grouped-data setting. Some further details are provided in the Appendix.

For the chromosomal data, overdispersion relative to the binomial model is
quite apparent, and modifications to binomial methods have been used for some
time in analyses of these data; see, e.g., Preston et al.!? Provided that these
special methods (further described in the Appendix) are used, the only additional
modification required is the substitution of adjusted exposure estimates.

In terms of true exposures, the observation for an individual with exposure x
follows a model of form

y=o+3x+error , (2)

where y is the proportion of aberrant cells in the sample of cells from the
individual. The standard maximum likelihood methods for these data can be
thought of as weighted least squares analysis under this model, The expectation
of “error” is zero, which implies unbiased estimation. The variance of “error”
depends on x, calling for weighted regression; it also depends on « and 3, calling
for iterative methods.

For a survivor selected at random from the cohort with estimated exposure z,
(2) can be reexpressed as

y =+ 2 Avg(x:z) + B [x— Avg(x:z)] + error . (3)

Note that x is, in this setting, a random variable with distribution f(x:z), so the
term £ [x — Avg(x:z)] becomes an additional “error term” in the model, with
expected value zero and variance 32 Var(x:z). The last factor here, the variance
of x among those with a given z, thus becomes an important quantity, which can
be computed for a given error model very similarly to Avg(x:z).

Thus, the primary result is that the datum for an individual with estimated
exposure z can be expressed as

y=a + 3 Avg(x:z) + error* (4)

where error® is the combination of the two error terms in (3). That error* has an
expected value of zero when averaging over both sampling variation and errors
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in exposure estimation impiies that weighted linear regression analysis based on
(4) will yield unbiased estimates in the desired sense. Further, it follows from a
standard calculation that

Var (error*) = 82 Var (x:z) + Avg[Var (error)] , (5)

where the last term is the average, in the distribution f(x:z), of the variance of the
error in (2). Thus, (5) provides the proper weights for fitting (4) by weighted least
squares, and also, ultimately, the standard errors of the parameter estimates.

In the case of the cancer data, the first term in (5) vanishes; i.e., the variance
of error* in (4) is the same function of Avg(x:z) as the variance of the error in
(2) as a function of x. Thus, no changes in analysis methods are required beyond
substituting Avg (x:z) for z. For the chromosomal data, the two terms in (5) are
of roughly the same order of magnitude. These results are discussed further in
the Appendix, where it is also shown that a special method which has been in
use for the chromosomal data is suitable for variances of the form of (5), with
no further modification beyond substitution of adjusted dose estimates. Finally,
justification is given there for use of weighted least squares for (4), even though,
in contrast to (2), this is no longer the maximum likelihood method.

All the above results pertain to models in which the expected response is
linear in true exposure. Corresponding development for nonlinear models is in
general less tractable, but there is a natural extension for the case of linear-
quadratic models, i.e., those where o + 3 x in (2) is extended to o + § x + v %2
In this case, unbiased estimation would be achieved by extension of the above
to include replacement of z> in the analysis by Avg(x%:z). This last quantity
can be calculated similarly to Avg(x:z); indeed the need for this has already
arisen above in terms of Var (x:z), which is Avg(x*:z) — [Avg(x:z)[*. Particular
caution should be exercised in using this approach, since it may be expected
that Avg(x?:z) will be more sensitive to the choice of error model than is Avg (x:2).
Further details on parameter estimation in linear-quadratic models with errors in
exposure estimates are given in recent work by Pierce and Vaeth' on the shape
of the cancer mortality dose-response curve. Moreover, the above arguments
regarding the additional variation in the data due to errors in exposure estimates
will require some extension for nonlinear models. Further discussion of these
points will be given in subsequent sections.

Data and models used for sensitivity analysis

The most useful way to analyze the sensitivity to the error models used here is
to see what effect the adjustments made using them have on parameter estimates
in actual dose-response analyses. For this purpose, analyses of cancer mortality
data are made using precisely the data and models of recent analyses by Preston
and Pierce.'® Estimates are computed for all cancers except leukemia as a group,
and for leukemia alone, using models linear in exposure for the excess relative
risk. In these models, the age-specific excess relative risk is taken as constant in
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age, but depending on sex and three categories of age-at-exposure. Summary risk
estimates are taken, as by Preston and Pierce for comparing dosimetry systems,
as the simple average over these six groups of the risks per unit exposure.
For nonleukemia, the analysis is in terms of dose to the large intestine, as
representative of the dose to organs with substantial shielding by the body; for
leukemia, analysis is in terms of dose to the bone marrow. Adjusted organ dose
estimates are computed here by applying the reduction factor computed in terms
of kerma to the organ dose estimates provided by the dosimetry system.

Results

Consideration is first given to estimation of f(x) for each city. Among survivors
with positive estimates, the proportion above any z value can be fitted very
well by formulas of the form exp(—6, 2z2), which is the distribution function
of the Weibull model. (The values of 0, are less than one, corresponding to
monotonically decreasing density function.) An adequate approach seems to be to
assume the same parametric form for the distribution of x, and then to estimate
the parameters 6, and @, for that model using the data in Table 2 and allowing
for the effect of errors in the estimates there. This has been done fairly simply
by choosing (by a direct search) these parameters so that, with a given model
for the errors, the induced theoretical distribution (computed numerically) of the
z’s agrees very closely with the observed distribution. The dependence of these
answers on the specific error models defined above is not great; for simplicity what
will be used for all purposes in the following are the values for a fifth “central”
model: lognormal, 35% error. The results are:

Hiroshima: @, =2.84 6, =0.50
Nagasaki: 0, =283 0, = 0.50

The equal values of 0,, for the two cities, is not due to specifying them so;
although it is coincidental, the fitted values did very nearly agree to two decimal
places and have only been slightly rounded above. The quality of the fit provided
by this choice of parameters is not described in detail here, but it was remarkably
good.

With this city-specific model for f(x), it is straightforward to compute Avg (x:z)
numerically. Results for each error model at selected z values are given in
Table 3.

In the previous section were noted several reasons for interest in Var (x:z),
the variance of x among those at given z; and in Avg(x®:z), which is given by
Var (x:z) + [Avg(x:z)]>. Numerical results for this are described most simply in
terms of the squared coefficient of variation, Var (x:z)/[Avg (x:z)]*, values of which
are given in Table 4 for the four error models.

Discussion of the results of Tables 3 and 4 will be given in the following section,

but it is briefly noted now that model C gives very similar results to model B.
The error models C and D will not be pursued further, and subsequent numerical
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Table 3. Adjusted exposure estimates for the four error models

Avg(x:z)
Estimated
Exposure Hiroshima Nagasaki
(Gy Kerma)
A B (& D A B C D

0.5 0.50 0.50 050 0.51 051 051 0.51 0.53
1.0 096 094 094 097 098 097 097 1.00
2.0 184 173 1.7 1.81 189 1.82 1.83 1.88
3.0 2.66 245 247 2.59 2.76 259 262 271
4.0 344 312 313 3.34 3.58 8.32 3.36 3.50
5.0 420 375 3.714 4.07 438 4.01 4.05 4.26
6.0 493 435 428 478 516 4.67 4.69 5.01

A: lognormal, 30% error; B: lognormal, 40% error; C: contaminated lognormal,
40% error; and D: normal, 40% error.

Table 4. Squared coefficient of variation for the four error models

Var (x:2) / [Avg (x:2)]?

Estimated

Exposure Hiroshima Nagasaki

(Gy Kerma)

A B C D A B & D

0.5 0.090 0.158 0.137 0.181 0.091 0160 0140 0.194
1.0 0.088 0.154 0.133 0.154 0.089 0.157 0135 0.170
2.0 0.086 0.148 0135 0.124 0.087 0.152 0132 0.141
3.0 0.085 0.144 0.142 0.108 0.086 0148 0.135 0.124
4.0 0.084 0141 0.152 0.097 0.085 0.145 0139 0.112
5.0 0.083 0139 0164 0.089 0.084 0.143 0.145 0.104
6.0 0.082 0.137 0177 0.083 0.083 0.141 0.152 0.097

A: lognormal, 30% error; B: lognormal, 40% error; C: contaminated lognormal, 40%
error; and D: normal 40% error.

results will be given only for the lognormal models A and B, with the addition of
an intermediate lognormal model with 35% error.

For use in applications, convenient formulas for Avg(x:z) are required. It has
been found that second-degree polynomials in log(z) can be fitted remarkably
well to the reduction factors, [z — Avg(x:z)l/z . Using these approximations to
calculate Avg (x:z) from z is accurate to within 0.01 Gy over the range 0.5-6 Gy.
It is proposed that no adjustment be made to estimates under 0.5 Gy and that
estimates above 6 Gy be reduced to 6 Gy and then adjusted further as though
this were the estimated exposure (which is equivalent to making the adjustment
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to the actual estimate and then truncating the result to the adjusted value
corresponding to 6 Gy). Coefficients for the approximations to the reduction
factors are given in Table 5.

Table 5. Coefficients for calculating reduction factors

Error Model Coefficients for Terms:
Lognormal

Percent Error Constant  log(z)  [log(z)]?
Hiroshima 30% 0.03597  0.05807 0.01166
35% 0.04732 0.07623 0.01336
40% 0.06036 0.09684 0.01314
Nagasaki 30% 0.01500 0.05304 0.00885
35% 0.01900 0.06545 0.01374
40% 0.02817 0.08031 0.01558

Although the values in Table 4 can also be fitted very well by such polynomials,
they are remarkably constant in z and it would be an overinterpretation of the
models used here to emphasize the small variation seen for a given error model.
That the numbers there are small, in the range 0.09-0.15, is important. The
additional variation in the chromosome aberration data due to errors in exposure
estimates depends on these values, as indicated above and in more detail in the
Appendix. Further, adding 1.0 to the numbers in Table 4 provides the value of
Avg (x*:z)/[Avg (x:z)]?, which is relevant to the fitting of models quadratic in true
exposure, Finally, the square roots of the numbers in Table 4 are the standard
errors, as a fraction of Avg(x:z), of the distributions of x for a given z value, which
are of some general interest in interpretation of exposure estimates.

The standard deviation of a distribution does not give a complete description
of variability, unless the distribution is normal or other information about the
shape is known. In this regard, graphs are given in Figure 1 of some examples of
the distributions f(x:z). Also given on the same figures are corresponding graphs
of the distributions f(z:x), in order to emphasize the distinction between the two
types of distributions important here. Note that the horizontal axis for each
figure corresponds to x for one graph and to z for the other.

Comparison of the values of Avg(x:z) above for various error models does not
give a very clear picture of the sensitivity analysis in practical terms, since the
relative importance of parts of the dose range in fitting dose-response models is
unclear (and difficult to deseribe). Thus Table 6 is provided to indicate the effect
of using the various error models for some actual linear dose-response analyses.
Details of the data, models, and the way of summarizing parameter estimates
were given in the previous section. Shown are the relative increases in the
same summary parameter estimates used by Preston and Pierce!® to describe the
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Figure 1. Graphs of f(z|x), and f(x|z) for Hiroshima, for the lognormal,
35% errors model

-
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Table 6. Increases in cancer risk estimates for three
lognormal error models

Error Model Increase in Estimated

Lognormal Excess Relative Risk
Percent Error 0-6 Gy 0-4 Gy

All Cancer Except 30% 10.0% 6.8%
Leukemia 35% 13.3% 9.0%
40% 16.7% 11.4%

Leukemia 30% 6.1% 4.3%
35% 8.1% 5.6%

40% 10.2% 7.2%
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effects of the recent revision in dosimetry. As in that paper, two types of estimates
are given, the comparison of which is quite relevant for present purposes and is
discussed later. These consist of using the entire cohort with kerma estimates
limited to 6 Gy, and alternatively, restricting analysis to those with estimates
below 4 Gy. Very specifically, the percentage increases in Table 6 apply to the
bottom two entries in each of Tables 11 and 12 of Preston and Pierce.15

For the cancer data, the standard errors of the parameter estimates relative
to the estimates, i.e., the coefficients of variation, are essentially unchanged by
the analysis allowing for dose-estimation errors. This reflects the fact that the
new procedure does not require any change in the model for the variance of the
response, but only an adjustment of estimated doses. For the chromosomal data,
on the other hand, one would expect that analysis with adjusted doses would
lead to larger standard errors relative to those under the binomial model, since
here the necessary modifications include adding an overdispersion term to the
variance of the response. Methods allowing for overdispersion relative to the
binomial model have already been in use, however, and the standard errors under
the proposed method will be very similar to those given by current methods.

Discussion

As noted at the outset, the method developed here is not fundamentally
different from that given by Gilbert® but the implementation is more suitable
for many purposes, especially since it is not linked to extensive calculations for a
particular choice of dose categories. The principles are also consistent with those
discussed by Prentice,”5 who deals more specifically with application to survival
data, but here much more emphasis is placed on the details specific to the LSS
setting. The general approach laid out by Clayton'® seeks to establish a unified
solution to the problem of inference in the three components of the model: the
dose-response model, the errors in exposures, and the distribution of exposures.
This may certainly have some theoretical advantages, but the computational
methods are still in the developing stages. In the present approach, these
three aspects are considered separately, thereby reducing the the computational
problems considerably. However, improvements should be considered as the
implementation of Clayton’s general model progresses. Much of the literature on
regression problems with measurement errors in the explanatory variable focuses
on methods to adjust the parameter estimates obtained in an analysis using the
original exposure estimates. These methods typically require special assumptions
about the form of the distribution of true exposures, which are not appropriate to
the LSS data. Moreover, any particular study would entail a different parameter
adjustment procedure, tailored to the distribution of observed dose in the specific
subsample of the LSS cohort being investigated. It seems clear that, at least
for models suitably linear in true exposure, the approach taken here leads to
an appropriate method for reducing, from parameter estimates in dose-response
analyses, the bias resulting from random errors in exposure estimates. That
is, these methods would essentially eliminate such biases if the true statistical
model for errors in exposure estimates were known; and they can be used to
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substantially reduce them by using an approximate model. It is emphasized
again that the adjustments required to the exposure estimates do not imply a
defect in the dosimetry system and that the methods here are only to deal with
nonsystematic errors in exposure estimates.

The only major difficulty, which is of course unavoidable, involves the required
assumptions regarding the statistical model for errors in exposure estimates.
The remainder of the discussion here will deal primarily with interpreting the
sensitivity analysis in regard to such models, and with some issues arising in
consideration of nonlinear models.

First, it is emphasized that for purposes of linear dose-response analyses the
displays in Tables 3 and 4 may both give a false impression of the extent of bias
due to exposure estimation errors and overemphasize the sensitivity to the choice
of ervor model. As may be seen in Table 2, there are relatively few survivors in
the upper part of this exposure range. Thus, for many purposes the comparisons
in Table 6 provide a more useful basis for conclusions regarding both issues.

Tables 3 and 4 do indicate that there is very little difference between the
use of the lognormal model and the contaminated lognormal model, which has
substantially “heavier tails”. Thus, although the latter may have substantial
appeal as a more realistic model, there seems to be little need to introduce the
additional complexity. The normal model with constant coefficient of variation
does give results somewhat more different, in the sense of smaller adjustments.
When graphs of f(x:z) as in Figure 1 are made for this model, it is seen that
the right tails of these distributions are very similar to that in Figure 1 but
the left tails are noticeably shorter. This reflects an aspect of this model which is
quite contrary to what might be expected, the understanding of which may lessen
concern about the long right tail (on the dose, not log dose, scale) of the lognormal
error model. This is that the final factor in equation (1), f{z:x), thought of as a
function of x for fixed z, is even more skewed to the right for the normal model
with constant coefficient of variation than it is for the lognormal model. That is,
in statistical terms, even though the distribution of z given x is symmetric for
the normal model, the “likelihood function” for x given z is quite skewed to the
right. Thus there are subtleties in the actual distinction between these two types
of models. The authors and others who have considered this problem feel that
the lognormal model is somewhat preferable both on general statistical grounds
and on those which are more specific to the dosimetry system.

The information provided by Table 4 is quite important in several respects.
That the entries in Table 4 depend little on z is important for at least two reasons.
First, this implies that the special methods used for some time to allow for
overdispersion in the chromosomal data are also well suited for the needs here.
Secondly, the constancy in z means that Avg(x?:z) is approximately proportional
to [Avg (x:z)]%. This implies that fitting models quadratic in Avg (x:z) will provide
good estimates of the shape of the dose-response curve for models quadratic in
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true exposure, although the quadratic coefficient will be biased upward by a factor
of one plus the quantity given in Table 4. Generally speaking, though, further
analysis along the lines of this report for the case of nonlinear models may be
useful. Pierce and Vaeth! study the effect of errors in exposure estimates for
inferences about linear-quadratic models, with particular focus on the extent to
which apparent departures from linearity may be due to such errors.

Table 6 indicates, among other things, the extent to which the effect of errors
in exposure estimates is smaller when those with exposures above 4 Gy are
eliminated from the analysis. As discussed by Preston and Pierce!® and Pierce
and Vaeth,! though, this is not the primary motivation for this restriction in
practice. The more critical issues involved are that the true dose-response may
not be linear over a wider range and that risk estimation at low exposures is
the predominant concern. Nevertheless, from the viewpoint of this paper, such
a restriction does serve to lessen concern about the appropriateness of an error
model as it relates to extremely high exposure estimates.

There are issues in addition to bias in dose-response analyses which are
related to errors in exposure estimates. In particular, there is substantial interest
in the extent to which there may be biological variation among individuals in
their general sensitivity to irradiation. This is potentially relevant to the cancer
risk estimation, since substantial variation of this type might imply that those
who survived the acute effects would be less sensitive, in terms of cancer risk,
than a general population. One way to investigate this issue is, in essence, to
study whether there are any positive associations between different radiation
effects (cancer, acute symptoms, chromosomal aberrations, etc.) among those
at the same exposure level; see, e.g., Ban et al,'® Hakoda et al.!7 It is certain,
though, that random errors in exposure estimates will induce spurious positive
association of this nature. Among those at (approximately) the same estimated
exposure, there is in fact a distribution of true exposures, and the risk of the
various radiation effects will depend on these true exposures rather than on the
estimated ones. Thus, valid investigations along these lines will have to consider
whether any positive associations found are greater than those which would result
from the errors in exposure estimates. The statistical formulation of this report
can be extended to calculations of this nature.

In conclusion, although further research in this area is important, it seems
advisable to begin making use of the methodology developed in the present
report in most analyses of these data. The most important future improvements
will involve refinements on the model for exposure estimation errors, and thus
ascertainment by RERF and dosimetry experts of the magnitude of the impression
in the DS86 system should be given high priority. Emphases in this should
include investigation of the dependence of the magnitude of errors on shielding
category and distinction between random and systematic errors. This is a
difficult task, however, and the sensitivity analysis given here suggests that while
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awaiting this, use of an error model along the lines suggested below will, for many
purposes, be much better than making no adjustments at all.

Although there may be other statistical approaches to removing the biases,
such as those briefly discussed above, the approach taken here of adjusting
exposure estimates seems eminently suited for the particular needs arising with
these data. This is primarily because the exposure estimates must be used for
a wide variety of purposes: linear risk estimation for different types of cancer,
chromosome aberrations, noncancer mortality, clinical endpoints, genetic effects,
and acute effects; and for fitting linear-quadratic models to investigate the shape
of the dose-response for several of these endpoints.

When feasible, particularly for certain purposes such as analysis of the shape
of the dose-response, it will be appropriate to pay special attention to the choice
of an error model and to carry out further sensitivity analysis. Many reports,
however, are already complicated by attention to a large number of issues, and
such special attention to error models will be infeasible. These investigations
ordinarily use linear dose-response models, and the sensitivity analyses here
suggest that the uncertainty in parameter estimates due to choice of an error
model may be relatively small in relation to other uncertainties. For these it may
be best to rely primarily on use of a given, simple, choice of an error model, with
some brief indication of the effect of the adjustment. It should be recognized that
the adjustments for error are an approximation, similar to other approximations
made in order to arrive at a useful analysis; e.g., the use of linear risk estimates.

With these thoughts in mind, the authors feel that it will serve a useful
purpose to suggest an error model to be used at this time, for analyses where
it is infeasible to devote substantial special attention to the issue. The above
results and discussion, as well as previous analyses and more basic statistical
considerations, suggest that a lognormal model should be used for this purpose.
It seems likely to the authors that the choice of 30% errors may be somewhat
optimistic. A primary part of the basis for this view is the judgment of Jablon®
that “sources identified in this section amount to about 30% plus or minus,”
preceded by the comment “reflecting on how they [certain aspects] were derived
it seems not unlikely that we have underestimated.” The uncertainties that
Jablon considered were largely those due to inaccuracies in the assessment of
the survivors location and shielding, inputs which are common to the old and the
new dosimetry systems. Errors in the DS86 system somewhat less than 30% are
now being discussed,® but it appears that to some extent this may be in reference
to the technical errors arising from the dosimetry system itself, taking the input
parameters of survivors location and shielding at face value.

On these grounds, the authors suggest that for the time being some special
focus be placed on the lognormal, 35% errors, model. Since numerical values for
exposure adjustments under this model were not given in Table 3, although the
formula is given in Table 5, these are indicated here.
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Estimate 0.50 1.00 2.00 3.00 4.00 5.00 6.00
Adjusted Value
Hiroshima 050 095 1.79 256 3.28 3.98 464
Nagasaki 0.50 0.98 1.86 2.68 3.46 4.20 4.92

The values corresponding to those in Table 4 for this model are in the range
0.11-0.12.

Appendix

Some additional details regarding the dose-response analysis are given here.

For the cancer data, consideration is given only to proportional hazards models
with relative risk linear in dose. The binary observation y for an individual with
true exposure x can be written as

y=S[a+ 3 x]+error , (N

where S is the integral of the underlying hazard over the time at risk for the
individual, a random variable. The value S may include parameters to be
estimated, often relating to stratification. Since the time at risk is random, the
mean and the variance of “error” in (1) are defined in terms of the quantity [y — S
(o + 4 x)]. The mean of this is zero, and the variance is the expected value of
S times [o + 4 x]. Iterative weighted least squares in (1), taking the variance
as slightly modified to be p, = S [a + 8 x], is equivalent to maximum likelihood
estimation in this model. This is referred to as “Poisson regression analysis,”
since it would also arise if S were thought of as fixed and y was taken to have a
Poisson distribution with mean S [a + £ x].

For the chromosomal aberration data, under a binomial model, the observation
for an individual with true exposure x can be written as
y=a+0x+error , (2)

with Var(error) = p, 1 —p/n , where p, = o + # x and n is the number of
cells examined for each individual. Again, iterative weighted least squares is
equivalent to maximum likelihood estimation.

For the case of errors in exposure estimates, the data for a survivor selected at

random from the cohort having estimated exposure z can be expressed as follows,
for the two cases:

y =85 [a+ 3 Avg(x:z) ] + error* (3)
y = o+ 3 Avg(x:z) + error* . (4)
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Here, error* involves both the error in (1) or (2) and a quantity invclving the
random variable [ x — Avg (x:z)] under the distribution f(x:z). For (3) there is a
very small dependence which will be ignored, between the random variable S and
the exposure estimation error, due to the dependence of S on time to cancer; see
Prentice.*5 With this approximation, the mean of error* is zero for both instances,
when averaging over both the sampling variation and the distribution of x given
z. Thus, least squares estimation is unbiased in this sense. Straightforward but
somewhat lengthy calculations yield that

P [for (3)1,

Var (error*) =
{ p, 1—-p)m + 2 [(n—1)/n] Var(x:z) [for (4)],

where, with a slight abuse of previous notation for p,, we write p, = S[a + 3
Avg(x:z)] and [« + 8 Avg(x:z)] for the two settings, respectively. For the cancer
data case, p, is not strictly speaking the variance of error* but, in the same
way as for (1) above, involves replacing the expected value of S by the observed
S. The important point is that the weights for regression in (3) are the same
function of Avg(x:z) as the function of x used in the standard methods for (1),
thus after having replaced z by Avg (x:z) the usual methods apply. This is rather
surprising, implying an absence of additional variation in (3) due to replacing the
unknown x by Avg (x:z). The calculations leading to this depend on the fact that S
is random, although the apparent overdispersion arising if S is treated as fixed is
much smaller than p,. These calculations also depend on the approximation that
S is independent of x in the distribution f(x:z); however, a detailed investigation
has shown that the effect of this approximation is extremely small in the present
setting.

For the binomial case, the first term represents the variance which would
be assumed if the only modification in the standard method was to replace z
by Avg(x:z); the second term represents overdispersion which also needs to be
taken into account. Primarily because of the factor n in the binomial variance
p,(1 —p,)/n, and also to some extent because p, can be large, the overdispersion
term is roughly of the same order of magnitude as the binomial variance
and therefore cannot be ignored. Since, as is shown in the text, CV?(x:z) is
approximately constant in z for a given error model, the overdispersion term
there is approximately proportional to Avg(x:z)’>. The methods which have been
used for some time at RERF involve allowing for overdispersion using a model

Var (error) = p, (1 —p,)/n + @ p2

where @ is estimated from the data. See, e.g., Preston et al.'* Since « is very
small, this is essentially the same as using the model above, with overdispersion
proportional to Var(x:z). Using the existing method with Avg(x:z) replacing =z
will be essentially the same as the analysis with overdispersion suggested above,
except that the extent of overdispersion, #, will be estimated from the data rather
than through the formulas above involving Var (x:z). This is quite suitable, indeed
preferable, since for data of this type it is natural to suspect that there may be
sources of overdispersion in addition to that due to the exposure errors.
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As indicated above, these iterative weighted least squares methods are
equivalent to maximum likelihood when exposures without error are used. When
there are such errors this is not the case, and maximum likelihood methods
involve very heavy computations which are unsuitable for routine use. These
involve numerical integration of the likelihood function in terms of x, with respect
to the distribution f(x:z). It is of interest, though, to see how they compare to
the simpler weighted least squares methods described above. Simulations have
been carried out, for both of the above types of data in settings which are quite
close to the RERF data, which implement both the maximum likelihood and
weighted least squares methods. As would be expected on general theoretical
grounds, there is very little difference in the results of the two methods. It seems
clear that in general there should be no practical motivation for using maximum
likelihood methods rather than the weighted least squares proposed here.
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ELOOMORE AT )L LELETHS., YARLBIRE LT, BFRIEMNSHEFENS
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T3, 4MMOMEL 7D { RlE AR AUHE E i

Avg (x:z)
R L LEHE T fill
Pl L L E i ks
(Gy Kerma)
A B C D A B C D

0.5 0.50 0.50 0.50 0.51 0.51 051 0.51 0.53
1.0 096 0.94 094 097 098 097 097 1.00
2.0 1.84 1.73 1.75 1.81 1.89 1.82 1.83 1.88
3.0 266 245 247 259 2.75 259 262 271
4.0 344 3.12 313 3.34 3.58 3.32 336 3.50
5.0 420 3.75 3.74 4.07 4.38 4.01 4.05 4.26
6.0 493 4.35 428 4.78 516 4.67 4.69 5.01

A WEER 30%ME; B: MEIER 40%#%, C Hi8HIER 440%Wx, D: ER
0% 2=

AT TE, Var(xiz) & Avg(x2iz), ¥4 bbb, MEEBEO 2Ol ET 2 EIBI1H A
xDERTHY, BFI Var (x1z) + (Avg(xiz) P TEZ5M38DTHBH, 2N
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IR A T

15 ES I W
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A B C D A B C D
0.5 0.090 0158 0.137 0.181 0.091 0.160 0.140 0.194
1.0 0.088 0.154 0.133 0.154 0.089 0.157 0.135 0.170
2.0 0.086 0.148 0.135 0.124 0.087 0.152 0132 0.141
3.0 0.085 0.144 0.142 0.108 0.086 0.148 0.135 0.124
4.0 0.084 0.141 0152 0.097 0.085 0.145 0.139 0.112
5.0 0.083 0139 0164 0.089 0.084 0143 0.145 0.104
6.0 0.082 0137 0177 0.083 0.083 0.141 0.152 0.097
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HUTHEBIZ-ELTVWEDT, $35i6nABEETLEMALAHGCEDNFP LW
ZLEmEATNE ZZTtHHALEZEEFLOBABRE S, RICAELSNS ETIZ, HA
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